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VERTICAL QUASI-ISOMETRIES AND BRANCHED
QUASISYMMETRIES
JEFF LINDQUIST AND PEKKA PANKKA
Abstract. We introduce a class of mappings called vertical quasi-isometries
and show that branched quasisymmetriesX → Y of Guo andWilliams between
compact, bounded turning metric doubling spaces admit natural vertically
quasi-isometric extensions X̂ → Ŷ between hyperbolic fillings X̂ and Ŷ of X
and Y , respectively. We also give a converse for this result by showing that a
finite multiplicity vertical quasi-isometry X̂ → Ŷ between hyperbolic fillings
induces a branched quasisymmetry X → Y .
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1. Introduction
In this article, we consider a non-injective counterpart for the classical correspon-
dence of quasi-isometries between hyperbolic spaces and quasiconformal homeomor-
phisms between their boundaries. In the homeomorphic case, this correspondence
has long history which goes back to Mostow’s rigidity theorem [Mos68].
Recall that a mapping f : X → Y between metric spaces (X, dX) and (Y, dY ) is
a quasi-isometry if there exist constants α ≥ 1 and β > 0 satisfying
(QI)
1
α
dX(x, x
′)− β ≤ dY (f(x), f(x′)) ≤ αdX(x, x′) + β
for all x, x′ ∈ X and such that for every point y ∈ Y , there exists a point x ∈ X
with dY (f(x), y) ≤ β (i.e. f is cobounded). A mapping f : X → Y is cobounded if
there exists C > 0 for which BY (fX,C) = Y .
A homeomorphism f : X → Y between metric spaces (X, dX) and (Y, dY ) is
quasiconformal if there exists a distortion constant H ≥ 1 for which, for all x ∈ X ,
(QC) lim
r→0
supy∈BX(x,r) dY (f(x), f(y))
infy∈X\BX(x,r) dY (f(x), f(y))
≤ H ;
this is the so-called metric definition of quasiconformality.
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We refer to a recent survey of Bourdon [Bou18] on the vast literature related
to Mostow’s theorem and merely comment here that the correspondence we allude
to is as follows. On one direction, the boundary map ∂F : Sn−1 → Sn−1 induced
by a quasi-isometry F : Hn → Hn is quasiconformal, quantitatively. To the other
direction, each quasiconformal map f : Sn−1 → Sn−1 is an extension of a quasi-
isometry F : Hn → Hn of the hyperbolic n-space.
As the generality of these definitions hints, the correspondence between these
classes of maps is understood in a more general setting of metric spaces. Roughly
speaking, under mild conditions on spaces, quasi-isometries of Gromov hyperbolic
spaces correspond to quasiconformal maps between their Gromov boundaries. We
do not attempt to discuss the various assumptions here and merely refer the in-
terest reader here to e.g. Gromov’s seminal paper [Gro87] on Gromov hyperbolic
spaces, Bonk–Schramm [BS00], and Paulin [Pau96], or again to a survey of Bourdon
[Bou18], or to the monographs Ghys–de la Harpe [GdlH90] and Drutu–Kapovich
[DK18].
Instead of considering quasiconformal maps ∂∞X → ∂∞Y between the Gromov
boundaries, we take as our starting point the class of maps called branched qua-
sisymmetries introduced by Guo and Williams [GW16]. As we discuss shortly, this
class of mappings is a generalization of quasiregular mappings between Riemannian
manifolds, which in turn are a non-injective counterpart of quasiconformal maps.
Since branched quasisymmetries are not injective, even locally, the maps which
they induce between hyperbolic fillings are not quasi-isometric. For this reason we
introduce a class of maps called vertical quasi-isometries and show that the corre-
spondence of vertical quasi-isometries and branched quasisymmetries is analogous
to the one of quasi-isometries and quasiconformal maps.
Before discussing branched quasisymmetries and vertical quasi-isometries in more
detail, we briefly recall the relationships between quasiconformal, quasisymmetric,
and quasiregular maps.
A homeomorphism f : X → Y is quasisymmetric if there exists a homeomor-
phism η : [0,∞)→ [0,∞) satisfying
(QS) dY (f(x), f(x
′′)) ≤ η
(
dX(x, x
′′)
dX(x, x′)
)
dY (f(x), f(x
′))
for all triples x, x′, x′′ ∈ X of distinct points. Quasisymmetric homeomorphisms are
always quasiconformal and for a large class of spaces, called Loewner spaces, these
two classes of homeomorphisms agree. We refer to Heinonen and Koskela [HK98]
and a monograph of Heinonen [Hei01] for a detailed discussion.
Quasiconformal homeomorphisms between smooth manifolds admit also an ana-
lytic characterization, which we may take as a definition also for maps which are not
homeomorphisms. A continuous map f : M → N between Riemannian n-manifolds
is quasiregular if f is in the Sobolev class W 1,nloc (M,N) and there exists a constant
K ≥ 1 for which the distortion inequality
(QR) ‖Df(x)‖n ≤ KJf(x)
holds for almost every x ∈ M . Here Df(x) : TxM → Tf(x)N is the distributional
derivative of f , ‖Df(x)‖ is the operator norm of Df , and Jf (x) = detDf(x) the
Jacobian determinant. Note that there is no injectivity condition on the mapping
f and typically f is not even locally injective. However, if f is assumed to be a
homeomorphism then f is quasiconformal in the sense of the metric definition. We
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refer to Heinonen-Koskela [HK95] for a discussion on the relationship definitions of
quasiconformal mappings.
Quasiregular mappings give a higher dimensional analogue for the holomorphic
maps between Riemann surfaces. In particular, by a theorem of Reshetnyak, a non-
constant quasiregular mapping between Riemannian n-manifolds is a discrete and
open map. Thus, by the Cˇernavski˘ı–Va¨isa¨la¨ theorem [Cˇ64, Va¨i66] a non-constant
quasiregular mapping between Riemannian n-manifolds is a local homeomorphism
in a complement of a set of (topological) codimension 2. We refer to monographs of
Reshetnyak [Res89] and Rickman [Ric93] for the theory of quasiregular mappings.
1.1. Branched quasisymmetries and quasiregular maps. We are now ready
to the definition of branched quasisymmetries of Guo and Williams. A continuous
mapping f : X → Y between metric spaces X and Y is a branched quasisymme-
try if there exists a homeomorphism η : [0,∞) → [0,∞) for which the distortion
inequality
(BQS) diam fE′ ≤ η
(
diamE′
diamE
)
diam fE
holds for all intersecting continua E and E′ in X . Recall that a subset E ⊂ X
is a continuum if E is compact, connected, and consists of at least two points. In
particular, a continuum has positive diameter. Note that, we divert here slight
from the terminology of [GW16] and do not assume the mapping f to be discrete
and open or to have bounded local multiplicity as in [GW16, Definition 6.45].
Before continuing the discussion, we make some immediate observations on ele-
mentary properties of branched quasisymmetries. For a branched quasisymmetry
f : X → Y and intersecting continua E and E′, the image fE has positive diam-
eter if and only if fE′ has positive diameter. Thus, if X is a continuum and f is
non-constant, then diam fE > 0 for each continuum E ⊂ X . In particular, f is a
light map. Recall that a map f : X → Y is light if, for each y ∈ Y , the pre-image
f−1(y) is totally disconnected.
As an almost immediate consequence we also have that, ifX is a bounded turning
space, a quasisymmetry f : X → Y is a branched quasisymmetry. Recall that a
metric space (X, d) has bounded turning if there exists a constant λ ≥ 1 having the
property that, for all x, y ∈ X , there exists a continuum Exy ⊂ X of diameter at
most λd(x, y) containing points x and y. Clearly, not all branched quasisymmetries
are quasisymmetric, since a branched quasisymmetry need not be injective; consider
for example the winding map C→ C, z 7→ z2/|z|.
Guo and Williams show in [GW16] that weakly metrically quasiregular map-
pings are discrete and open branched quasisymmetries; see [GW16, Section 6] for
a detailed discussion on the results and terminology. For mappings between Rie-
mannian manifolds, the result of Guo and Williams reads as follows; we give a
direct proof in Section A.
Theorem 1.1 (Guo–Williams). A non-constant continuous map f : M → N be-
tween closed and oriented Riemannian n-manifolds is quasiregular if and only if f
is a discrete, open, and sense-preserving branched quasisymmetry.
It is well-known from the Euclidean quasiconformal theory that this statement
is not quantitative in terms of the distortion conditions (QR) and (BQS). Indeed,
it suffices to notice that Mo¨bius transformations of Sn are 1-quasiconformal, and
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hence quasisymmetric, but not η-quasisymmetric with the same distortion function
η : [0,∞)→ [0,∞). In Section A we give a quantitative version of Theorem 1.1 using
an additional normalization. This normalization is similar to e.g. the barycentric
normalization in [PS17].
The characterization of quasiregular maps in Theorem 1.1 is, in the end, not
very surprising. In one direction, it suffices to show that a quasiregular mapping
satisfies the distortion inequality (BQS). This is a special case of a result of Guo and
Williams [GW16, Theorem 6.50] in the locally Euclidean setting. We give a proof
using standard modulus estimates and hyperbolic fillings. To the other direction, we
may use an adaptation of a known metric characterization of quasiregular mappings
in Euclidean spaces.
1.2. Extension of branched quasisymmetries into hyperbolic fillings. In
this and the following section, we discuss our main results.
Our first main theorem is an extension of branched quasisymmetries X → Y
to virtual quasi-isometries X̂ → Ŷ of hyperbolic fillings X̂ and Ŷ of X and Y ,
respectively.
As in Bonk and Saksman [BS18], Bonk, Saksman, and Soto [BSS18], and [Lin16],
we consider the hyperbolic filling of Bourdon and Pajot [BP03]. We postpone the
precise definition to Section 7 and merely note here that a hyperbolic filling (X̂, ∗)
of a compact doubling metric space X is a pointed Gromov-hyperbolic geodesic
metric space with the property that the Gromov-boundary ∂X̂ is quasisymmetric
to X ; see Bourdon–Pajot [BP03, Proposition 2.1]. Although a hyperbolic filling X̂
of a space X is not unique as a metric space, all hyperbolic fillings of X given by the
construction are quasi-isometric to each other. Also, the Gromov boundary ∂∞X̂
of a hyperbolic filling X̂ of X is quasisymmetrically equivalent to X . Therefore we
may identify ∂∞X̂ and X in the following statements.
The mapping X̂ → Ŷ we obtain between the hyperbolic fillings is a vertical
quasi-isometry. For the terminology, let (X, dX ; ∗) be a pointed metric space. We
say that a discrete path γ : N0 → X is a (α, β)-quasigeodesic if there exists α ≥ 1
and β > 0 for which
1
α
|n−m| − β ≤ dX(γ(n), γ(m)) ≤ α|n−m|+ β
for all n,m ∈ N0. We say that a (1, 0)-quasigeodesic is a (discrete) geodesic and
that a quasi-geodesic γ : N0 → X is vertical if γ is a pointed map (N0, 0)→ (X, ∗),
that is, γ(0) = ∗.
Heuristically speaking, we define vertical quasi-isometries to be pointed maps
(X, ∗)→ (Y, ∗) which map vertical geodesics of (X, ∗) to vertical quasigeodesics of
(Y, ∗). The definition allows different vertical geodesics in (X, ∗) to map into the
same quasi-isometry class of vertical quasigeodesics in (Y, ∗). More precisely, we
give the following definition.
Definition 1.2. A mapping F : (X, ∗) → (Y, ∗) between pointed metric spaces is
a vertical (α, β)-quasi-isometry for α ≥ 1 and β > 0 if, for each vertical discrete
geodesic γ : (N0, 0)→ (X, ∗), the discrete path F ◦ γ : (N0, 0)→ (Y, ∗) is a vertical
(α, β)-quasigeodesic.
Clearly a pointed quasi-isometry (X, ∗) → (Y, ∗) is a vertical quasi-isometry.
It is also easy to observe that, due to geodesic stability, compositions of vertical
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quasi-isometries between Gromov-hyperbolic spaces are vertical quasi-isometries;
see Lemma 11.2 in Section 11.
Our first main theorem states that a branched quasisymmetry X → Y from a
compact metric space, which is also bounded turning, into a compact metric space
induces a vertical quasi-isometry (X̂, ∗)→ (Ŷ , ∗) between hyperbolic fillings.
Theorem 1.3. Let X and Y be compact metric spaces and suppose that X has
bounded turning, and let X̂ and Ŷ be hyperbolic fillings of X and Y , respectively.
Then, for each branched quasisymmetry f : X → Y , there exists a vertical quasi-
isometry ϕf : X̂ → Ŷ for which the induced map ∂ϕf : ∂∞X̂ → ∂∞Ŷ coincides with
f .
Theorem 1.3 is quantitative in the sense that quasi-isometry constants and dis-
tortion functions depend only on each other and the data associated to the spaces.
We give a quantitative version of Theorem 1.3 in Section 12.
Remark 1.4. Our interest to Theorem 1.3 stems from an extension problem for
quasiregular mappings in Va¨isa¨la¨’s ICM article [Va¨i66]: Given a quasiregular map-
ping f : Rn−1 → Rn−1, does there exist a quasiregular mapping F : Rn → Rn ex-
tending f? To our knowledge, this problem is solved only in some special cases.
We refer to Rickman [Ric85], [DP15], and [PW19] for more discussion. An analog
of Va¨isa¨la¨’s question for quasiregular extensions Bn → Bn of quasiregular maps
Sn−1 → Sn−1 is similarly an open problem. For quasiconformal mappings, these
extension problem are solved to the positive by Beurling–Ahlfors [BA56] (n = 2),
Carleson [Car74] (n = 3), and Tukia–Va¨isa¨la¨ [TV82] in all dimensions.
Combining Theorems 1.1 and 1.3, we obtain vertically quasi-isometric extensions
of quasiregular maps between closed Riemannian manifolds. This extension bears
similarity to harmonic extensions Bn → Bn of quasiregular mappings Sn−1 → Sn−1
in [PS17].
1.3. Extension of vertical quasi-isometries to the boundary. We turn now
to the extension of vertical quasi-isometries X̂ → Ŷ to the branched quasisymme-
tries X → Y on boundary. Although, the result admits a more general discussion,
we restrict ourselves to the hyperbolic fillings in this article.
Our second main theorem states that a vertical quasi-isometry X̂ → Ŷ of finite
multiplicity between hyperbolic fillings ofX and Y , respectively, induces a branched
quasisymmetry X → Y , if the spaces X and Y are compact and Y is doubling.
Theorem 1.5. Let X and Y be compact metric spaces, where Y is doubling, and
let X̂ and Ŷ be their hyperbolic fillings, respectively. Let ϕ : (X̂, ∗) → (Ŷ , ∗) be a
pointed vertical quasi-isometry of finite multiplicity. Then the map ∂ϕ : ∂X̂ → ∂Ŷ
induced by ϕ is a power branched quasisymmetry of finite multiplicity.
Here we say that ϕ is a power branched quasisymmetry if its distortion function
η can be taken to have a particular form; see Theorem 1.6. Note that, again, under
an identification ∂X̂ = X and ∂Ŷ = Y , the map ∂ϕ : ∂X̂ → ∂Ŷ is identified with
a branched quasisymmetry X → Y . In Section 13 we call the map ∂ϕ : ∂X̂ → ∂Ŷ ,
and associated maps X → Y , the trace of ϕ : X̂ → Ŷ ; for definitions see Section
13.
Theorem 1.5 is an extension of the corresponding result for quasi-isometries in
the sense that in the both cases the quasisymmetry is controlled by a power-type
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gauge function; see e.g. Bonk and Schramm [BS00, Theorem 6.5] for the quasi-
isometric result. Note also that, in Theorem 1.5, the finite multiplicity of the
vertical isometry X̂ → Ŷ is a sufficient condition for the discreteness of the trace
map X → Y . To this end, in Section 13.4 we characterize the openness of the trace
map in terms of a lifting property for geodesics under the vertical quasi-isometry
(Theorem 13.10), and in Section 13.5 the surjectivity of the trace map in terms of
coboundedness of the vertical quasi-isometry (Theorem 13.11).
The statement of Theorem 1.5 is quantitative in the sense that the distortion
function of f depends only on quasi-isometry constants of ϕ and the data of the
spaces and the same holds for the multiplicity; see Section 13
1.4. Structure of the article. The article is divided into three parts. In Part
1, consisting of Sections 2–5, we discuss elementary theory of branched quasisym-
metries on bounded turning spaces. These results are familiar from the theory
of quasisymmetric maps. For example, the definition of branched quasisymmetry
yields almost immediately a version of the Koebe distortion theorem (Theorem 5.1).
As the main result of these sections, we prove that, under our assumptions
on spaces, branched quasisymmetries have a power distortion. We formulate this
as follows. For the corresponding results on quasisymmetries between uniformly
perfect spaces, see e.g. Heinonen [Hei01, Theorem 11.3].
Theorem 1.6. Let X and Y be compact metric spaces and suppose that X has
bounded turning, and let f : X → Y be a branched quasisymmetry. Then there exist
constants C > 0 and α ∈ (0, 1) for which f is η-BQS for the distortion function
η : [0,∞)→ [0,∞) given by
t 7→ Cmax{tα, t1/α}.
Theorem 1.6 actually holds in more generality. If for every two points in X
one can find a continuum containing those two points, then one can define the
Mazurkiewicz metric dM (x, y) := inf diam(E), where the infimum is taken over all
continua such that x, y ∈ E. Suppose that the identity map (X, d) → (X, dM )
is a homeomorphism. This is the case, for instance, when X is a domain that is
connected and locally path connected; see [KLS, Remark 3.2]. Then continua have
the same diameters in the metrics d and dM ; see, for example, [KLS, Proposition
4.12]. In this case, f : (X, d) → Y is an η-branched quasisymmetry if and only if
f : (X, dM )→ Y is an η-branched quasisymmetry, where we identifyX and (X, dM )
by the identity map. Thus, we may reformulate Theorem 1.6 as follows.
Corollary 1.7. Let X and Y be compact metric spaces and suppose that X admits
the Mazurkiewicz metric dM and that id : X → (X, dM ) is a homeomorphism, and
let f : X → Y be a branched quasisymmetry. Then there exist constants C > 0 and
α ∈ (0, 1) for which f is η-BQS for the distortion function η : [0,∞)→ [0,∞) given
by
t 7→ Cmax{tα, t1/α}.
As (X, dM ) has bounded turning in this situation, we may apply Theorem 1.6
and the fact that the distortion functions are the same to conclude that f is a power
branched quasisymmetry. Despite this observation, we focus much of our attention
in this paper on bounded turning spaces as these spaces allow the construction of
diametric hulls.
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Having mappings between non-compact spaces in mind, we also comment the
validity of the power quasisymmetry, and other general results, for local branched
quasisymmetries. A map f : X → Y is a local branched quasisymmetry if there is a
homeomorphism η : [0,∞)→ [0,∞) with the property that, for each point x ∈ X ,
there exists ε > 0 for which (BQS) holds for all intersecting continua E and E′
in B(x, ε). Note that, if X is compact, then this definition is equivalent to the
condition that there exists ε > 0 and a homeomorphism η : [0,∞) → [0,∞) for
which inequality (BQS) holds for all intersecting continua E and E′ of diameter at
most ε. In this case, we call ε the locality scale of f .
In Part 2, consisting of Sections 6–11, we discuss the hyperbolic fillings of com-
pact spaces and properties of vertical quasi-isometries between hyperbolic fillings.
The main results, Theorems 1.3 and 1.5, of this article are discussed in Part 3,
which consists of Sections 12 and 13.
We prove Theorem 1.3 in Section 12, alongside the multiplicity estimate for the
vertical quasi-isometry. In that section, we also pass to the terminology that the
map ϕ : X̂ → Ŷ induced by the branched quasisymmetry f : X → Y a hyperbolic
filling of f .
Theorem 1.5 is proven in Section 13; we use Theorem 1.6 to reformulate the
statement for power branched quasisymmetries. As an application of the exten-
sion results, we show that local branched quasisymmetries between compact and
doubling bounded turning spaces are branched quasisymmetric (Theorem 13.12).
Finally, in the appendix we discuss the relationship of quasiregular mappings and
branched quasisymmetries between closed Riemannian manifolds and the proof of
Theorem 1.1. In the proof, we use the aforementioned self-improvement property
of local quasisymmetries.
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Notation
We denote a metric space (X, d) simply as X . We use the distance notation d or
dX for distances in the “boundary” metric spaces and we use the Polish notation
|x− y| for the distances of points x and y in the “filling” metric spaces. We use the
notations B(x, r) = {x′ ∈ X : d(x′, x) < r} and B¯(x, r) = {x′ ∈ X : d(x′, x) ≤ r}
for open and closed metric balls of radius r > 0 about x ∈ X , respectively. For
x ∈ X and r > 0, we call S(x, r) = {y ∈ X : d(x, y) = r} the sphere of radius r
centered at x. For each λ > 0 and a ball B of radius r and center x in X , we denote
λB the ball of radius λr and center x in X . For a subset A ⊆ X and r > 0, we also
denote B(A, r) = {x ∈ X : dist(x,A) < r} the r-neighborhood of A.
Our metric spaces are proper unless otherwise stated. That is, closed and
bounded sets are compact in X .
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A pointed space (X, ∗) is a metric space X with a distinguished point ∗ ∈ X . A
map f : (X, ∗)→ (Y, ∗) between pointed spaces is always assumed to be a pointed
map, that is, f(∗) = ∗.
Part 1. Preliminaries on bounded turning and branched quasisymmetry
2. Metric continua and bounded turning spaces
Before discussing bounded turning, we begin by recalling some basic properties
and terminology on metric continua. Recall that a metric space X is a continuum
if X is compact and connected space which is not a point.
Lemma 2.1. Let X be a continuum. Then, each ball in X contains a continuum.
Proof. Let B(x, r) be a ball in X and y ∈ X a point distinct from x. Let E
be a connected component of B¯(x, r) ∩ E containing x. Then E is compact and
connected. Suppose E is not a continuum. Then E is a singleton. Since E is a
component, we obtain that X is not connected. This is a contradiction. Thus each
closed ball contains a continuum. Hence each ball contains a continuum. 
We record also a simple observation on metric spheres and diameters of small
metric balls in metric continua. For the statement, we denote RX(x) = maxy∈X d(x, y)
for each x ∈ X . Note that, for each x ∈ X , RX(x) ≥ (diamX)/2.
Lemma 2.2. Let X be a continuum and x ∈ X. Then, for x ∈ X and 0 < r <
RX(x), the sphere S(x, r) is non-empty and diamB(x, r) ≥ r.
Proof. Since r < RX(x), we have that B(x, r) 6= X and there exists y ∈ X \B(x, r).
Since X is connected, we have that S(x, r) 6= ∅. For the second claim it suffices to
observe that, for each 0 < r′ < r, we have S(x, r′) 6= ∅, and hence diamB(x, r) ≥ r′.
The claim follows. 
We are now ready to move from continua to bounded turning spaces. Heuristi-
cally, a space has bounded turning if we can join all pairs of points by continua of
comparable length, quantitatively.
Definition 2.3. A metric space X has λ-bounded turning for λ ≥ 1 if, for all
x, y ∈ X , there exists a continuum Exy ⊆ X containing points x and y and for
which diamExy ≤ λd(x, y).
Since metric balls in bounded turning spaces need not be connected, we define
the notion of a diametric hull.
Definition 2.4. Let X be a metric space and A ⊂ X . A continuum E in a metric
space X is a λ-diametric hull of A for λ ≥ 1 if A ⊂ E and diamE ≤ 2λdiamA.
In a proper bounded turning space, each bounded set has a bounded diametric
hull, quantitatively. Recall that a metric space X is proper if closed balls of X are
compact.
Lemma 2.5. Let λ ≥ 1 and let X be a proper and λ-bounded turning space contain-
ing at least two points and B = B(x, r) a ball in X. Then there exists a continuum
EB ⊆ X satisfying B ⊆ EB ⊆ 2λB. A fortiori, each bounded subset of X has a
λ-diametric hull.
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Proof. Let B = B(x, r) be ball in X . Since X has λ-bounded turning, we may, for
each x′ ∈ B, fix a continuum Ex′ connecting x and x′, which satisfies diamEx′ ≤
λdiamB. Let EB = ∪x′∈BEx′ . The set EB is closed and bounded. Hence EB
is compact. Since each Ex′ contains x and is connected, the set EB is connected.
Since B ⊆ EB and B has at least two points, the set EB is a continuum. Every
point in EB is of distance at most λr to x, so EB ⊆ 2λB. Thus EB is a continuum
satisfying the required conditions.
Let now A ⊂ X be a bounded set and x ∈ A. Then A ⊂ B¯(x, diamA). Since
the above argument holds also for closed balls, there exists a continuum EA ⊂ X
satisfying B¯(x, diamA) ⊂ EA ⊂ B¯(x, 2λdiamA). The claim follows. 
2.1. Continuum lifting lemma. We conclude this section with a continuum lift-
ing lemma for a diametric hull neighborhood of a set. Let X be a proper λ-bounded
turning space. A metric hull neighborhood E(A, θ) of a subset A ⊂ X of inner ra-
dius θ > 0 is the set
E(A, θ) =
⋃
x∈A
EB(x,θ).
Clearly B(A, θ) ⊂ E(A, θ). Also, diamE(A, θ) ≤ diamA + 2λθ. Furthermore, if
A is connected, then so is E(A, θ). Indeed, for each x ∈ A, the set A ∪ EB(x,θ) is
connected, and
⋂
x∈A(A ∪ EB(x,θ)) ⊃ A. Thus E(A, θ) is connected. In particular,
if A is connected, then E(A, θ) is a continuum.
Lemma 2.6 (Continuum Lifting Lemma). Let X and Y be compact λ-bounded
turning metric spaces, let f : X → Y be a discrete and open mapping, and let
x ∈ X. Let also G ⊆ Y be a continuum containing f(x), and θ > 0. Then there
exists a continuum E ⊆ Z containing x for which G ⊆ fE ⊆ E(G, θ).
Proof. Let E be the component of f−1E(G, θ) containing x. Since f is continuous,
E is closed and hence compact. Since E is a component, it is connected. Since
f(x) is an interior point of E(G, θ), we also have that x is an interior point of E.
Thus E is a continuum by Lemma 2.5.
It remains to show that G ⊂ fE. Let H = G ∩ fE. We show H is both open
and closed in G. Since fE is compact, it is closed in Y . Thus H is closed in G
by relative topology. To see H is open in G, let y′ ∈ H and fix x′ ∈ E ∩ f−1(y′).
Since f is continuous, there exists t > 0 for which fB(x′, t) ⊆ B(y′, θ) ⊆ E(G, θ).
Let t′ > 0 be small enough so that EB(x′,t′) ⊆ B(x′, t). Then, fEB(e,t′) ⊆ E(G, θ).
So E ∪EB(x′,t′) is a continuum containing x and f(E ∪EB(x′,t′)) ⊆ E(G, θ). Since
components are maximal connected subsets, we have that EB(x′,t′) ⊆ E. Since f
is open and B(x′, t′) ⊆ E, we have that fE contains a ball centered at y′ = f(x′).
Thus H is open in G. Since G is connected, we conclude H = G.
Let w ∈ G \ fB. From H = G, there must be a point e′ ∈ E with fe′ = w. As
w /∈ fB, we must have e′ /∈ B. Hence, d(x, e′) ≥ r, so diam(E) ≥ r. 
We use this lemma in the following form.
Corollary 2.7. Let X and Y be compact and λ-bounded turning metric spaces.
Let f : X → Y be a discrete and open mapping and let B = B(x, r) ⊆ X be a ball.
Suppose G ⊆ Y is a continuum containing f(x) and not contained in fB. Then,
for each θ > 0, there exists a continuum E ⊆ X containing x such that E 6⊆ B and
fE ⊆ E(G, θ).
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3. Branched quasisymmetries
In this section we record some basic properties of branched quasisymmetries.
First, a composition of branched quasisymmetries is a branched quasisymmetry,
qualitatively.
Lemma 3.1. Let f : X → Y and g : Y → Z be branched quasisymmetries with
gauge functions ηf : [0,∞) → [0,∞) and ηg : [0,∞) → [0,∞), respectively. Then
the map h = g ◦ f : X → Z is a branched (ηg ◦ ηf )-quasisymmetry.
Proof. By passing to a connected component of X if necessary, we may assume
that X is connected. A fortiori, we may assume f is not constant.
Let E,E′ ⊆ X be intersecting continua. Since fE and fE′ are intersecting
continua, we have that
diam(hE) = diam g(fE) ≤ ηg
(
diam(fE)
diam(fE′)
)
diam g(fE′)
≤ ηg
(
ηf
(
diam(E)
diam(E′)
))
diam g(fE′).
This completes the proof. 
The second observation is that quasisymmetries are branched quasisymmetries
quantitatively; see Guo–Williams [GW16, Remark 6.49].
Lemma 3.2. An η-quasisymmetry f : X → Y for η : [0,∞)→ [0,∞) is a branched
η′-quasisymmetry for η′ : t 7→ 2η(2t).
Proof. Let E and E′ be intersecting continua in X and z0 ∈ E∩E′. Let also x ∈ E
and x′ ∈ E′ be points which maximize the distances d(f(z0), f(x)) and d(z0, y)
among the points in E and E′, respectively. Then diam fE ≤ 2d(f(z0), f(x)) and
diamE′ ≤ 2d(z0, y). Thus
diam fE ≤ 2d(f(z0), f(x)) ≤ 2η
(
d(x0, x)
d(x0, y)
)
d(f(z0), f(y))
≤ 2η
(
2
diamE
diamE′
)
diam fE′.
This completes the proof. 
Similarly to quasisymmetries, branched quasisymmetries easily form normal fam-
ilies due to equicontinuity; cf. Heinonen [Hei01, Section 10.25] for analogous discus-
sion.
Lemma 3.3. Let X be a λ-bounded turning space for λ ≥ 1, Y a metric space, and
η : [0,∞)→ [0,∞) a homeomorphism. Then, for each M > 0 and continuum E in
X, the family of η-branched quasisymmetries f : X → Y satisfying diam fE ≤ M
is equicontinuous.
Proof. LetM > 0 and let E be a continuum in X . We fix a point a ∈ E. Let x and
y be points inX . We fix first a continuum Ea connecting x to a for which diamEa ≤
λd(a, x), and then a continuum Ey connecting x and y for which diamEy ≤ λd(x, y).
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Since x ∈ Ey ∩ Ea and a ∈ E ∩ Ea, we have that
d(f(x), f(y)) ≤ diam fEy ≤ η
(
diamEy
diamEa
)
diam fEa
≤ η
(
diamEy
diamEa
)
η
(
diamEa
diamE
)
diam fE
≤ η
(
λ
d(x, y)
d(x, a)
)
η
(
λ
d(x, a)
diamE
)
M.
Thus the family is equicontinuous at x. 
Note that is it almost immediate from the definition that locally uniform limits
of branched quasisymmetries are branched quasisymmetries. In what follows, we
say a metric space X is continuum-connected if any two points can be joined by a
continuum.
Lemma 3.4. Let X and Y be metric spaces. Let (fi : X → Y ) be a sequence of
branched η-quasisymmetries which converge locally uniformly to a (possibly con-
stant) map f : X → Y . Then f is branched η-quasisymmetric.
Proof. Let E and E′ be intersecting continua in X . Since fi → f locally uniformly,
sequences (fiE) and (fiE
′) converge in the Hausdorff distance to compact sets fE
and fE′, respectively. From local uniform convergence, we have that diam fiE →
diam fE and diam fiE
′ → diam fE′ as i→∞. Thus
diam fE = lim
i→∞
diam fiE ≤ lim sup
i→∞
η
(
diamE
diamE′
)
diam fiE
′
= η
(
diamE
diamE′
)
diam fE′
The claim is proven. 
3.1. Examples of branched quasisymmetries. We first discuss the relation-
ship of branched quasisymmetric homeomorphisms and quasisymmetries. Lemma
3.2 admits a converse for bounded turning spaces: Let X and Y be bounded turning
spaces. Then a branched quasisymmetric homeomorphism X → Y is quasisymmet-
ric, quantitatively; see Guo–Williams [GW16, Proposition 6.48].
This correspondence of branched quasisymmetric homeomorphisms and qua-
sisymmetries, however, does not hold if we only assume that only one of the spaces
has bounded turning.
Example 3.5. Consider spaces X = ([0, 1]×{0})∪G ⊂ R2, where G = {(x, x2) ∈
R2 : x ∈ [0, 1]}, and Y = [−1, 1]. Note that X does not have bounded turning. Let
now f : X → Y be the map (x, 0) 7→ x and (x, x2) 7→ −x. For all continua E ⊂ G,
we have that (diamE)/2 ≤ diam(fE) ≤ diam(E). Thus, by a simple case study,
we observe that f is a branched quasisymmetric homeomorphism. However, f is
not a quasisymmetry. Indeed, suppose that f is η-quasisymmetric. Let x ∈ (0, 1].
Then
2 =
|f(x, 0)− f(x, x2)|
|f(0, 0)− f(x, x2)| ≤ η
( |(x, 0)− (x, x2)|
|(0, 0)− (x, x2)|
)
≤ η
(
x2√
x2 + x4
)
≤ η (x) .
This is a contradiction, since η : [0,∞) → [0,∞) is a homeomorphism. A similar
example, in the case that the target is not bounded turning, is given by the inverse
f−1 : Y → X of f .
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It is also easy to find branched quasisymmetries which are neither discrete nor
open. Clearly, the inclusion [0, 1] → [0, 1]2 is a branched quasisymmetry which is
not open. Classical folding maps give bit more elaborate examples of a branched
quasisymmetry between two dimensional spaces which are not open. The following
example is of this type. In this, and in the following example, we let πi : R
2 → R
be the coordinate projections (x1, x2) 7→ xi for i = 1, 2.
Example 3.6. Consider the spaces X = Y = [−1, 1]× [0, 1] and the map f : X →
Y , (x1, x2) 7→ (h(x1), x2), where h : [−1, 1]→ [−1, 1] is a piece-wise linear function
t 7→

3(t+ 1)− 1, t ≤ −1/2
|t|, |t| ≤ 1/2
t, t ≥ 1/2.
For a continuum E ⊆ X , we have that diam(π2(fE)) = diam(π2(E)) and that
diam(π1(E)/2 ≤ diam(π1(fE)) ≤ 3 diam(π1(E)). Thus f is a branched quasisym-
metry. The map f is not open, since f((−1/2, 1/2)×(0, 1)) = [0, 1/2)×(0, 1). Note
that, by the choice of h, the issue of openness of f is not related to the surjectivity
of the map.
The following example shows that a branched quasisymmetry need not be dis-
crete. The example is again folding based. This is not a surprise, since by Stoilow’s
theorem [Sto28, Sto56] an open and light map is discrete; see also [LP17].
Example 3.7. Define a function g : [0, 3] → [0, 1] as follows. For each k ∈ N0, let
ak = 1 + 2(
∑k
j=1 2
−j) and define
g(x) =

1− x, 0 ≤ x ≤ 1,
x− ak, ak ≤ x ≤ ak + 2−k−1,
ak+1 − x, ak + 2−k−1 ≤ x ≤ ak+1;
see Figure 1.
x
g(x)
1 2 3
Figure 1. Part of the graph of the function g.
Consider now spaces X = [0, 3]× [0, 1] and Y = [0, 1]2, and let f : X → Y be the
map (x1, x2) 7→ (g(x1), x2). As in the previous example, we observe that, for a con-
tinuum E ⊆ X , we have that diam(π2(fE)) = diam(π2(E)) and diam(π1(E))/2 ≤
diam(π1(fE)) ≤ diam(π1(E)). Hence, f is a branched quasisymmetry. Since
f−1(0, 0) accumulates to (3, 0) ∈ X , we observe that f is not discrete.
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3.2. Diametric hull lemma. In what follows we will use repeatedly the follow-
ing observation that, for branched quasisymmetries from bounded turning spaces,
images of balls and their diametric hulls have comparable diameters.
Lemma 3.8. Let X and Y be compact metrically Ahlfors regular spaces, where X
is λ-bounded turning. Let also f : X → Y be an branched η-quasisymmetry. Then,
for each ball B ⊂ X and its λ-diametric hull EB ⊂ X, we have
diam(fEB) ≃ diam(fB),
where the implicit constants depend only on η and λ.
Proof. Let B = B(x, r) ⊂ X be a ball. We may assume that B 6= X . Since
fB ⊆ fEB, we have
diam(fB) ≤ diam(fEB).
To the other direction, let b = 1/(2λ). Then, by Lemma 2.5, we have
bB ⊆ EbB ⊆ B ⊆ EB ⊆ 2λB.
Since EbB and EB are continua and f is an η-branched quasisymmetry, we have
diam(fEB) ≤ η
(
diam(EB)
diam(EbB)
)
diam(fEbB) ≤ η
(
diam(2λB)
diam(bB)
)
diam(fB).
By Lemma 2.2, we have that diam(bB) ≥ br. Thus
diam(2λB)
diam(bB)
≤ 4λ
b
= 8λ2.
The claim follows. 
Remark 3.9. Lemma 3.8 holds also for local branched quasisymmetries in the
following form: Let f : X → Y be a local branched η-quasisymmetry. Then for
R = ε/λ > 0, where ε is the locality scale of f and λ the bounded turning constant
of X, we have that diam(fEB) ≃ diam(fB) for each balls B ⊂ X of radius at most
R. The proof is verbatim and is omitted.
4. Power branched quasisymmetries
It is well-known that a quasisymmetry between uniformly perfect spaces is a
power quasisymmetry; see Tukia and Va¨isa¨la¨ [TV82, Corollary 3.12] or e.g. Heinonen
[Hei01, Theorem 11.3]. As mentioned in the introduction, an analogous result holds
also for branched quasisymmetries defined on a bounded turning space. The fol-
lowing theorem is a quantitative version of Theorem 1.6 stated in the introduction.
Theorem 4.1. Let X and Y be compact metric spaces and suppose that X has λ-
bounded turning for λ ≥ 1, and let f : X → Y be an branched η-quasisymmetry with
η : [0,∞) → [0,∞). Then f is an η′-branched quasisymmetry, where η′ : [0,∞) →
[0,∞) is the homeomorphism
t 7→ Cη′ max{tq, t1/q},
where constants Cη′ > 0 and q > 0 depend only on η and λ.
We divide the proof into three cases and consider the first two cases separately
in auxiliary propositions. We begin with a lemma, which records an immediate
observation based on definitions.
BRANCHED QUASISYMMETRIES 15
Lemma 4.2. Let X and Y be compact metrics and suppose in addition that X has
λ-bounded turning for λ ≥ 1. Let f : X → Y be an η-branched quasisymmetry with
η : [0,∞)→ [0,∞) and let also θ > 0 and c ∈ X. Suppose x0, . . . , xs is a sequence
of points in X with the property that
d(xi+1, c) = θd(xi, c)
for each i = 0, . . . , s− 1. For each i = 0, . . . , s, let Ei be a continuum of diameter
at most λd(xi, c) connecting xi and c. Then
1
η(λ/θ)s
≤ diam fEs
diam fE0
≤ η(λθ)s.
Proof. By assumption,
diamEi+1
diamEi
≤ λd(xi+1, c)
d(xi, c)
= λθ
for each i = 0, . . . , s. Thus, since all continua E0, . . . , Es have the point c in
common, we have, by the definition of branched quasisymmetry, that
diam fEs
diam fE0
=
diam fEs
diam fEs−1
diam fEs−1
diam fEs−2
· · · diam fE1
diam fE0
≤ η
(
diamEs
diamEs−1
)
η
(
diamEs−1
diamEs−2
)
· · · η
(
diamE1
diamE0
)
≤ η(λθ)s.
The other estimate is obtained similarly. 
Proposition 4.3. Let X and Y be compact metrics and suppose in addition that X
has λ-bounded turning for λ ≥ 1. Let f : X → Y be an η-branched quasisymmetry
with η : [0,∞)→ [0,∞). Let E and E′ be continua in X intersecting at c ∈ E ∩E′.
Suppose that there exists a point a ∈ E satisfying
diam fE ≤ 3d(f(a), f(c))
and
diamE′ ≤ 3d(a, c).
Then there exist constants C > 0 and α, depending only on η and λ, for which
diam fE
diam fE′
≤ C
(
diamE
diamE′
)α
.
Proof. Since diamE′ ≤ 3d(a, c), c ∈ E′, and E′ is a continuum, we may fix, by
Lemma 2.2, a point b ∈ E′ satisfying
diamE′ ≤ 3d(b, c).
First suppose that d(a, c) ≥ d(b, c). Let x0 = a and let x1, . . . , xs be a sequence
of points in X satisfying
d(xi+1, c) = d(xi, c)/2
for each i = 0, . . . , s− 1, where s ∈ N0 is the unique index satisfying
d(xs, c)/2 < d(b, c) ≤ d(xs, c);
such points exist by Lemma 2.2.
For each i = 0, . . . , s, we fix a continuum Ei of diameter at most λd(xi, c)
connecting xi and c. Then, by Lemma 4.2,
diam fE0
diam fEs
≤ η(λ/2)s.
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Since
diam fE ≤ 3d(f(a), f(c)) ≤ 3 diam fE0
and
diamE′ ≥ d(b, c) > d(xs, c)/2 ≥ (diamEs) /(2λ),
we have, by the definition of branched quasisymmetry, that
diam fE
diam fE′
=
diam fE
diam fE0
diam fE0
diam fEs
diam fEs
diam fE′
≤ 3η
(
diamEs
diamE′
)
η(λ/2)s ≤ 3η(2λ)η(λ/2)s.
Since
diamE
diamE′
≥ d(a, c)
3d(b, c)
≥ 2
sd(xs, c)
3d(xs, c)
=
2s
3
,
we have that
diam fE
diam fE′
≤ C
(
diamE
diamE′
)α
,
where constants C > 0 and α > 0 depend only on η and λ.
If instead we have d(a, c) < d(b, c), then we choose E0 to be a continuum con-
necting c and a with diam(E0) ≤ λd(a, c). Then, as above,
diam fE ≤ 3 diam fE0.
We also have
diamE′ ≥ d(b, c) > d(a, c) ≥ diamE0
λ
and so
diam fE
diam fE′
≤ diam fE
diam fE0
diam fE0
diam fE′
≤ 3η(λ)
and
diamE
diamE′
≥ d(a, c)
3d(a, c)
=
1
3
,
so we can achieve the desired form of η by possibly increasing the value of C from
above. 
Proposition 4.4. Let X and Y be compact metrics and suppose in addition that X
has λ-bounded turning for λ ≥ 1. Let f : X → Y be an branched η-quasisymmetry
with η : [0,∞)→ [0,∞). Let E and E′ be continua in X intersecting at c ∈ E ∩E′.
Suppose there exists a point b ∈ E′ satisfying
max{diamE, diamE′} ≤ 3d(b, c).
Then there exists constants C > 0 and α > 0, depending only on η and λ, for which
diam fE
diam fE′
≤ C
(
diamE
diamE′
)α
.
Proof. Since c ∈ E and E is a continuum, there exists, by Lemma 2.2, a point
a ∈ E for which
diamE ≤ 3d(a, c).
We first assume that d(a, c) ≤ d(b, c). Let θ > 0 be the unique number for which
η(λθ) = 1/2. Note that θ < 1 because η(1) ≥ 1 (take E = E′, for example) and
λ ≥ 1. Let x0 = b. We fix a sequence x1, . . . , xs of points in X satisfying
d(xi+1, c) = θd(xi, c)
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for each i = 0, . . . , s− 1, where s ∈ N0 is the unique index satisfying
θd(xs, c) < d(a, c) ≤ d(xs, c).
As before, we fix for each i = 0, . . . , s, a continuum Ei of diameter at most λd(xi, c)
connecting xi and c.
Since
diamE ≤ 3d(a, c) ≤ 3d(xs, c) ≤ 3λdiamEs,
we have, by the η-branched quasisymmetry of f , that
diam fE
diam fEs
≤ η
(
diamE
diamEs
)
≤ η(3λ).
Similarly, since
diamE0 ≤ λd(b, c) ≤ λdiamE′,
we have that
diam fE0
diam fE′
≤ η
(
diamE0
diamE′
)
≤ η(λ).
Thus, by Lemma 4.2,
diam fE
diam fE′
=
diam fE
diam fEs
diam fEs
diam fE0
diam fE0
diam fE′
≤ η(3λ)η(λ)η(λθ)s = η(3λ)η(λ)2−s.
Since
diamE
diamE′
≥ d(a, c)
3d(b, c)
≥ θd(xs, c)
3θ−sd(xs, c)
=
θ
3
θs,
we conclude that
diam fE
diam fE′
≤ C
(
diamE
diamE′
)α
,
where C > 0 and α > 0 depend only on η and λ.
Now, suppose instead that d(b, c) < d(a, c). Then,
diamE
diamE′
≤ 3d(b, c)
d(b, c)
≤ 3
and so
diam(fE)
diam(fE′)
≤ η(3).
Moreover,
diam(E′) ≤ 3d(b, c) < 3d(a, c) ≤ 3 diam(E)
and so in this case we have
1
3
≤ diam(E)
diam(E′)
.
Hence, as before, we can guarantee that η has the desired form by choosing C
large. 
Proof of Theorem 4.1. Let E and E′ be continua in X intersecting at c ∈ E ∩ E′.
If there exist points a ∈ E or b ∈ E′ which satisfy the conditions in Proposition 4.3
or 4.4, respectively, we have that
diam fE
diam fE′
≤ C
(
diamE
diamE′
)α
,
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where C > 0 and α > 0 depend only on η and λ (note that there are two possible
α values, one from each lemma; we choose the larger η expression depending on
diam(E)/ diam(E′) which is what gives rise to the two exponents in the power
branched quasisymmetry definition). Thus we may assume that this is not the
case.
Let a ∈ E be a point for which diam fE ≤ 3d(f(a), f(c)); such point exists by
Lemma 2.2 applied to fE. Since conditions of Proposition 4.3 do not hold, we
conclude that diamE′ ≥ 3d(a, c). Thus, by Lemma 2.2, we may fix a point b ∈ E′
for which 3d(b, c) ≥ diamE′ ≥ 3d(a, c), so d(b, c) ≥ d(a, c). As the conditions of
Proposition 4.4 do not hold, we have diamE ≥ 3d(b, c) ≥ diamE′. Thus,
diamE
diamE′
≥ 1
and so it suffices to show that there is a constant C > 0, depending only on η and
λ, for which
diam fE ≤ C diam fE′.
Let B = B(c, d(b, c)) and let EB be a λ-diametric hull of B in X . Since c ∈
EB ∩ E′ and
diamEB
diamE′
≤ 2λd(b, c)
d(b, c)
= 2λ,
we have that
diam fEB ≤ η(2λ) diam fE′.
Since d(a, c) ≤ d(b, c), we have that a ∈ EB. Thus
diam fE ≤ 3d(f(a), f(c)) ≤ 3 diam fEB ≤ 3η(2λ) diam fE′.
The claim follows. 
Remark 4.5. Observe that the discussion in this section holds for a local branched
quasisymmetry f : X → Y if the distances are below a scale depending on f and
bounded turning constant λ of X . Thus, we observe that a local branched qua-
sisymmetry X → Y is a power branched quasisymmetry, quantitatively.
5. Koebe distortion theorem
In this section, we prove the following version of the Koebe distortion theorem
for branched quasisymmetries.
Theorem 5.1. Let X and Y be compact λ-bounded turning metric spaces, and let
f : X → Y be a discrete and open η-branched quasisymmetry. Let B = B(x, r) ⊆ X
be a ball. Then there is a constant c0 > 0, depending only on η : [0,∞) → [0,∞)
and λ > 0, for which
B(f(x), c0 diam(fB)) ⊆ fB.
Proof. Let c = 1/(2λ). We first show that
(1) diam(fB) ≤ 3η(2λ2) diam(fEcB).
Let y ∈ fB be such that diam(fB) ≤ 3d(f(x), y) and fix z ∈ B ∩ f−1(y). Let F
be a continuum connecting x and z such that diam(F ) ≤ λd(x, z). Now, fF is a
continuum connecting f(x) and f(z) = y. Moreover,
diam(F )
diam(EcB)
≤ λr
r/(2λ)
= 2λ2.
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Since x ∈ F ∩EcB , we have that
diam(fB) ≤ 3 diam(fF ) ≤ 3η
(
diam(F )
diam(EcB)
)
diam(fEcB) ≤ 3η(2λ2) diam(fEcB).
This proves (1).
Let now y′ ∈ Y \ fB. It suffices to show that d(f(x), y′) ≥ c0 diam(fB), where
c0 = 1/(7η(2λ
2)η(2)λ). Let G ⊆ Y be a continuum connecting f(x) and y′ and
satisfying diam(G) ≤ λd(f(x), y′). Let θ = diam(G)/2λ. By Corollary 2.7 there
exists a continuum E ⊂ X for which x ∈ E, E 6⊆ B, and fE ⊆ E(G, θ). In
particular, diam(E) ≥ r and
diam(fE) ≤ diam(E(G, θ)) ≤ 2 diam(G).
Since x ∈ EcB ∩ E, we have that
diam(fEcB)
diam(G)
≤ 2 diam(fEcB)
diam(fE)
≤ 2η
(
diam(EcB)
diam(E)
)
≤ 2η(2).
Thus
diam(fEcB) ≤ 2η(2)λd(f(x), y′).
Combining this with (1), we obtain that
diam(fB) ≤ 6η(2λ2)η(2)λd(f(x), y′).
Thus, if c0 = 1/(7η(2λ
2)η(2)λ), we have that B(f(x), c0 diam(fB)) ⊆ fB. The
claim is proven. 
Part 2. Preliminaries on hyperbolic fillings and vertical quasi-isometries
6. Metric graphs and Gromov hyperbolicity
In what follows, a metric graph (Γ, ρΓ) is a graph Γ with the natural graph metric
ρΓ giving adjacent vertices of Γ distance 1. Vertices v and w of Γ are adjacent if
{v, w} is an edge of Γ. To simplify notation, we also denote |v − w| the distance
ρΓ(v, w) of points v, w ∈ Γ.
A map γ : N0 → Γ is a discrete path if, for each n ∈ N0, points γ(n) and γ(n+1)
are adjacent in Γ. A finite discrete path γ : {0, . . . ,m} → Γ for m ∈ N0 is defined
similarly. In both cases, we denote |γ| the image of the path γ.
A discrete path γ : N0 → Γ is a geodesic ray if, for all n,m ∈ N0, we have
|γ(n) − γ(m)| = |n − m|. A (finite) geodesic γ : {0, . . . ,m} → Γ, where m ∈ N0,
is defined similarly. Two geodesic rays γ : N0 → Γ and γ′ : N0 → Γ are said to be
equivalent, denoted γ ∼ γ′, if the function n 7→ |γ(n)− γ′(n)| is bounded.
6.1. Gromov hyperbolicity and Gromov boundary. We introduce now very
briefly Gromov hyperbolicity and Gromov boundary; see e.g. Bonk and Schramm
[BS00] or Ghys and de la Harpe [GdlH90] for detailed discussion.
The Gromov product (·|·)o : Γ × Γ → R in Γ for the base point o ∈ X is the
function
(v|w)o = 1
2
(|v − o|+ |w − o| − |v − w|) .
Graph Γ is Gromov δ-hyperbolic for δ ≥ 0 if, for all triples of points v, w, u ∈ Γ, the
inequality
(v|w)o ≥ min{(v|u)o, (u|w)o} − δ
holds.
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The Gromov boundary ∂Γ of a δ-hyperbolic graph Γ is defined as follows. Let
o ∈ Γ. We say that a map γ : N0 → Γ in Γ tends to infinity if
(γ(i)|γ(j))o →∞
as i, j →∞. The maps γ : N0 → Γ and σ : N0 → Γ tending to infinity are equivalent
if
(γ(i)|σ(i))o →∞
as i → ∞. It is easy to see that this equivalence is really an equivalence relation
and that neither tending to infinity nor equivalence of maps depends on the chosen
base point o ∈ Γ.
Remark 6.1. Since Γ is geodesic, we may replace maps N0 → Γ in these definitions
by paths N0 → Γ. Indeed, for each map γ : N0 → Γ there exists an increasing
function ι : N0 → N0 and a path γ¯ : N0 → Γ having the property that γ¯(ι(j)) = γ(j)
for each j ∈ N0 and that γ¯|{ι(j),...,ι(j+1)} : {ι(j), . . . ι(j +1)} → Γ is a geodesic from
γ(j) to γ(j + 1). It is now easy to check that γ¯ tends to infinity and that γ and γ¯
are equivalent.
The Gromov boundary ∂Γ of Γ is the space of equivalence classes of paths N0 → Γ
tending to infinity; note that we use here Remark 6.1. The Gromov product (·, ·)o
extends to the boundary (·, ·)o : ∂Γ× ∂Γ→ R by formula
(ξ, ζ)o = sup{lim inf
j→∞
(γ(j), σ(j))o : γ ∈ ξ, σ ∈ ζ}
for ξ, ζ ∈ ∂Γ.
The Gromov boundary ∂Γ carries a class of metrics associated to the Gromov
product. More precisely, there exists an absolute constant ε0 > 0 having the
property that, for each δ-hyperbolic space X , base point o ∈ X , and ε < ε0/δ,
the Gromov boundary ∂X admits a metric do,ε : ∂Γ× ∂Γ→ [0,∞) satisfying
1
2
e−ε(ξ,ζ)o ≤ do,ε(ξ, ζ) ≤ e−ε(ξ,ζ)o
for all ξ, ζ ∈ ∂Γ. The metrics in this class, called visual metrics of ∂Γ, are qua-
sisymmetrically equivalent. We refer again to Bonk and Schramm [BS00, Section
6] or Ghys and de la Harpe [GdlH90] for detailed discussion.
7. Hyperbolic Fillings
In this section we discuss hyperbolic fillings of compact metric spaces. We refer
to [Lin16] for a more detailed discussion. We begin with auxiliary definitions related
to coverings.
Definition 7.1. Let Z be a compact metric space and P an ε-net in Z for ε > 0.
A covering U = {B(z, 2ε) : z ∈ P} of Z is an ε-covering (associated to P ).
For an ε-covering U associated to an ε-net P of Z, we also denote cU : U → P
the function having the property that, for each U = B(z, 2ε) ∈ U , cU (U) = z ∈ P .
Definition 7.2. A sequence (Un)n of coverings of Z is an s-sequence (for s > 1)
if, for each n ∈ Z, the covering Un is an s−n-covering.
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For the definition of a hyperbolic filling, we define an associated class of graphs.
A graph Γ(U) is the incidence graph of a sequence U = (Un)n of coverings of Z if
Γ(U) has the disjoint union ⊔n∈N0 Un as its vertex set and vertices U ∈ Un and
V ∈ Um of Γ(U) are joined by an edge in Γ(U) if and only if U ∩ V 6= ∅ and
|m− n| ≤ 1.
Remark 7.3. Note that, if Z is metrically doubling, then Γ(U) is a graph of
bounded degree.
The incidence graph Γ(U) carries two natural functions. The level function
ℓ : Γ(U)→ Z is the unique function satisfying v ∈ Uℓ(v) for each v ∈ Zˆ. The center
function c : Γ(U)→ Z is the function satisfying v 7→ cUℓ(v)(v). Note that, for every
v ∈ Γ(U), we have v = B(c(v), 2s−ℓ(v)).
Let Z be a compact metric space and U = (Un)n and s-sequence. Since Z has
finite diameter, there exists a maximal index nZ ∈ Z for which UnZ = {Z}. We call
the corresponding vertex OZˆ ∈ Γ the root of Γ(U) and call the the subgraph Γ+(U)
of Γ(U), obtained by removing the vertices associated to coverings ⊔n<nZ Un, the
root pruned subgraph of Γ.
Definition 7.4. Let Z be a compact metric space. A metric graph (Ẑ, ρẐ) is a
hyperbolic s-filling of Z for s > 1 if Zˆ is the root pruned incidence graph Γ+(U) of
an s-sequence U of coverings of Z. A metric graph Zˆ is a hyperbolic filling of Z if
Ẑ is a hyperbolic s-filling of Z for some s > 1.
For each s > 0, we denote HFs(Z) the set of hyperbolic s-fillings of Z and
HF(Z) =
⋃
s>0
HFs(Z)
the set of hyperbolic fillings of Z.
Recall that a vertex in Ẑ is a ball in Z. We emphasize this with notation
Bv = v ⊂ Z for v ∈ Ẑ.
Remark 7.5. In what follows, we may assume, by rescaling, that the space Z has
diameter 1. Thus the root vertex OZ is the unique vertex of level 0. Thus it suffices
to consider the subgraph of Ẑ consisting of vertices on non-negative levels. We
follow this convention in what follows.
Remark 7.6. In what follows, we tacitly assume that the s-sequence (Un)n of
coverings of Z is given, and merely use the notation Ẑ for a hyperbolic filling in
question. In this case, we denote ∗ = OZ the root of Ẑ, and denote ℓ = ℓẐ : Ẑ → Z
and c = cẐ : Ẑ → Z the level and center functions associated to Ẑ.
7.1. Hyperbolicity of hyperbolic fillings. The coarse geometry of a hyperbolic
filling largely stems from the following observation on Gromov products. We refer
to [Lin16] for a proof.
Lemma 7.7 ([Lin16, Lemma 3.1]). Let Z be a compact space, and Ẑ ∈ HFs(Z).
Then, for v, w ∈ Ẑ, we have
s−(v,w) ≃ diam(Bv ∪Bw),
where the constants depend only on s.
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Essentially from this lemma we obtain that hyperbolic fillings are Gromov hy-
perbolic spaces, quantitatively. This justifies the used terminology.
Lemma 7.8 ([Lin16, Lemma 3.2]). Let Z be a compact metric space. Then a
hyperbolic filling Ẑ ∈ HFs(Z) of Z is a (visual) Gromov hyperbolic δ-space for δ
depending only on s.
Lemma 7.7 also yields that the Gromov boundary of a hyperbolic filling is qua-
sisymmetric to original space. More precisely, we have the following.
Lemma 7.9 ([Lin16, Lemma 3.3]). Let Z be a compact metric space and Ẑ ∈
HFs(Z) a hyperbolic filling of Z. If ∂Ẑ is given a visual metric, then the map ∂Ẑ →
Z, [γ] 7→ limn→∞ cZ(γ(n)), is a well-defined η-quasisymmetric homeomorphism,
where the homeomorphism η depends only on the data associated to space Z and s.
Remark 7.10. The reader might have by now noticed that the spaces discussed
in [Lin16] are Ahlfors regular. This assumption is, however, not necessary for these
particular results.
8. Elementary geometry of hyperbolic fillings
Before discussing the properties of vertical geodesics and quasigeodesics, we
record some elementary properties of vertex balls Bv in Zˆ. In what follows, we
assume that diamZ = 1; in particular ∗ = OZ = Z.
Remark 8.1. Recall that, if Z is connected, it is a continuum and we have, by
Lemma 2.2, that
diamBv = diamB(cẐ(v), 2s
−ℓ
Ẑ
(v)) ≥ s−ℓẐ(v).
for each v ∈ Zˆ.
Our first observation on the filling Ẑ is that a diameter of a set in Z is comparable
to the diameter of a smallest vertex ball containing it. We record this observation
as follows.
Lemma 8.2. Let Z be a compact metric space, s > 1, and Ẑ ∈ HFs(Z). Let also
E ⊂ Z and let v ∈ Ẑ be a vertex of maximal level satisfying E ⊂ Bv. Then
s−ℓẐ(v)−1 ≤ diamE ≤ 4s−ℓẐ(v).
Proof. The upper bound is trivial as diam(E) ≤ diam(Bv) ≤ 4s−ℓẐ(v).
For the lower bound, suppose diamE < s−ℓẐ(v)−1 and let n = ℓẐ(v). Since
centers c(w) of vertices w ∈ Zˆ on level (n + 1) form an s−(n+1)-net, we conclude
that there exists a vertex w ∈ Zˆ of level (n+1) satisfying dist(E, cẐ(w)) < s−(n+1).
Thus E ⊂ B(cẐ(w), 2s−(n+1)) = Bw. This contradicts the maximality of the level
of v. Thus diamE ≥ s−ℓẐ(v)−1. 
The second estimate is a common ancestor lemma for vertices in the hyperbolic
filling. We formulate this as follows.
Lemma 8.3. Let Z be a compact metric space and Ẑ ∈ HFs(Z). Let v, v′ ∈ Ẑ and
i = min{ℓẐ(v), ℓẐ(v′)}. Suppose p ∈ N0 satisfies d(cẐ(v), cẐ(v′)) < s−(i−p). Then
there exists a vertex w ∈ Zˆ of level ℓẐ(w) = max(i− p, 0) for which cẐ(v), cẐ(v′) ∈
Bw.
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Proof. We may assume that ℓ(v) ≤ ℓ(v′), so i = ℓ(v). If i−p ≤ 0, we take w = OZˆ .
Otherwise, let w ∈ Zˆ be a vertex on level (i− p) satisfying d(c(v), c(w)) ≤ s−(i−p).
Then,
d(c(v′), c(w)) ≤ d(c(v′), c(v)) + d(c(v), c(w)) < 2s−(i−p)
so c(v′) ∈ Bw. This proves the claim. 
As usual, we obtain as a direct corollary a distance estimate for the vertices v
and v′ in Ẑ in terms of their centers in Z.
Corollary 8.4. Let Z be a compact metric space and Ẑ ∈ HFs(Z). Let v, v′ ∈ Ẑ
and i = min{ℓẐ(v), ℓẐ(v′)}. Suppose p ∈ N0 satisfies d(cẐ(v), cẐ (v′)) < s−(i−p).
Then
|v − v′| ≤ 2p+ |ℓ(v)− ℓ(v′)|.
Proof. Let w ∈ Ẑ be vertex as in Lemma 8.3. We may again assume that ℓ(v) ≤
ℓ(v′). The vertices v and w as well as vertices v′ and w are connected by geodesics
of lengths at most p and p+ (ℓ(v′)− ℓ(v)), respectively. The claim follows. 
The next elementary estimate is converse to the previous ancestor lemma. We
estimate the distance of centers of vertex balls in terms of the distance in the
hyperbolic filling. For the statement, and for forthcoming sections, we introduce
now the universal structure constant
(2) As = 8
s
s− 1
for hyperbolic fillings with scaling constant s > 1.
Lemma 8.5. Let (Z, d) be a compact metric space and Ẑ ∈ HFs(Z). Then, for
v, w ∈ Ẑ, we have
d(cẐ(v), cẐ(w)) ≤ Ass|v−w|−max{ℓẐ(v),ℓẐ(w)}.
Remark 8.6. The estimate in Lemma 8.5 is equivalent to
d(cẐ(v), cẐ(w))s
max{ℓ
Ẑ
(v),ℓ
Ẑ
(w)} ≤ Ass|v−w|.
Note, however, that there is no converse estimate, since we may have cẐ(v) = cẐ(w)
for distinct vertices v and w in Zˆ.
Proof of Lemma 8.5. We may assume that ℓẐ(v) ≤ ℓẐ(w). Let n = |v − w| and
let w = u0, u1, . . . , un = v be a chain of adjacent vertices in Ẑ connecting w
and v. Then, for each i = 0, . . . , n − 1, balls ui = B(c(ui), 2s−ℓẐ(ui)) and ui+1 =
B(cẐ(ui+1), 2s
−ℓ
Ẑ
(ui+1)) of Z intersect and min{ℓẐ(ui), ℓẐ(ui+1)} ≥ ℓẐ(w)−(i+1).
Thus
d(cẐ(vi), cẐ(vi+1)) ≤ 8s−ℓẐ(w)+(i+1)
for each i = 0, . . . , n− 1. Hence
d(cẐ(v), cẐ(w)) ≤
n−1∑
i=0
8s−ℓẐ(w)+(i+1) = 8
sn − 1
s− 1 s
−ℓ
Ẑ
(w)+1
≤ 8 s
s− 1s
n−ℓ
Ẑ
(w) = Ass
|v−w|−max{ℓ
Ẑ
(v),ℓ
Ẑ
(w)}.
The claim follows. 
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9. Vertical geodesics
A hyperbolic filling Ẑ has a distinguished class of pointed geodesics (N0, 0) →
(Ẑ, ∗), which we call vertical geodesics of Ẑ. The term vertical comes from the
observation that a geodesic γ : (N0, 0)→ (Ẑ, ∗) satisfies ℓ(γ(n)) = n for each n ∈ N0.
We denote by Γ(Ẑ, ∗) the family of all vertical geodesics (N0, 0)→ (Ẑ, ∗).
A vertical geodesic γ : (N0, 0)→ (Ẑ, ∗) visits v ∈ Ẑ if v ∈ |γ|, that is, γ(ℓ(v)) = v.
Further, we say that a vertical γ is centered at z ∈ Z if d(z, cX̂(γ(k))) < s−k for all
k ∈ N0. For each z ∈ Z, there exists a vertical geodesic centered at z. Indeed, it
suffices to fix for each n ∈ N0 a vertex vn ∈ Ẑ on level n for which cX̂(vn) has the
smallest distance to z. More precisely, we have the following lemma.
Lemma 9.1. Let Ẑ be a hyperbolic filling of a compact metric space Z, z ∈ Z, and
v ∈ Ẑ for which z ∈ Bv. Then there exists a vertical geodesic γ : (N0, 0)→ (Ẑ, ∗) at
z visiting v. Moreover, if d(z, cX̂(v)) < s
−ℓ(v), then there exists a centered geodesic
at z visiting v.
Proof. Let Γ ⊂ Ẑ be the maximal subgraph of Ẑ consisting of those vertices v′ ∈ Ẑ
for which ℓ(v′) > ℓ(v) and Bv ∩Bv′ 6= ∅. Then Γ is a metric graph with root v and
level function ℓ′ : Γ→ N0 given by v′ 7→ ℓ(v′)− ℓ(v).
For each n ∈ N0, we fix a vertex vn ∈ Γ for which ℓ′(vn) = n and z ∈ Bvn . Let
now σ : (N0, 0) → (Γ, v) be a map n 7→ vn. Then σ is a discrete path satisfying
|ℓ(σ(n))− ℓ(σ(n′))| = |n− n′| for all n, n′ ∈ N0. Thus σ is a geodesic.
Let now σ′ : {0, . . . , ℓ(v)} → Ẑ be a geodesic from ∗ to v in Ẑ. Then the map
γ : (N0, 0) → (Ẑ, ∗) defined by γ(k) = σ′(k) for k ≤ ℓ(v) and σ(ℓẐ(v) + k) = σ(k)
for each k ∈ N0 is a vertical geodesic centered at z visiting v. This concludes the
proof in the first case. The other case is similar. 
9.1. Convergence of vertical geodesics. We record now two lemmas on proper-
ties of vertical geodesics; in both lemmas, we assume the normalization diamZ = 1
of the diameter of Z. The first lemma gives an estimate for the containment of ver-
tex balls along a vertical geodesic. In the statement, As is the structural constant
in (2).
Lemma 9.2. Let Z be a continuum, Ẑ ∈ HFs(Z), and let γ : (N0, 0)→ (Ẑ, ∗) be a
vertical geodesic. Then, for each n0 ∈ N0, we have
Bγ(n0) ⊂
⋃
n≥n0
Bγ(j) ⊂ (As + 1)Bγ(n0).
Proof. Since γ is a vertical geodesic, we have ℓ(γ(j)) = j for each j ∈ N0. Further-
more, since Bγ(j) ∩Bγ(j+1) 6= ∅ for each j ∈ N0, we have that
d(c(vj), c(j + 1)) ≤ diamBγ(j) + diamBγ(j+1) ≤ 4s−j + 4s−j−1 ≤ 8s−j.
Thus, for n ≥ n0, we have
d(c(vn), c(vn0)) ≤
n−1∑
j=n0
8s−j ≤ 8 s
s− 1s
−n0 = Ass
−n0 ≤ As diamBγ(n0).
Since diamBγ(n) ≤ diamBγ(n0) for each n ≥ n0, we conclude that
Bγ(n0) ⊂
⋃
n≥n0
Bγ(n) ⊂ (As + 1)Bγ(n0).
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The claim follows. 
Corollary 9.3. Let Z be a continuum, Ẑ ∈ HFs(Z), and let γ : (N0, 0)→ (Ẑ, ∗) be
a vertical geodesic. Then there exists z ∈ Z for which cẐ(γ(n))→ z as n→∞ and
d(z, cẐ(γ(n))) ≤ Ass−n.
for each n ∈ N0. Moreover, for a vertical geodesic γ : (N0, 0) → (Ẑ, ∗) centered at
z ∈ Z, we have that cẐ(γ(n))→ z as n→∞.
Proof. For each n ∈ N, let
En =
⋃
j≥n
Bγ(j).
Then (En) is a decreasing sequence of compact sets whose intersectionE =
⋂
n∈N0
En
is a point z ∈ Z. Indeed, for each n ∈ N0, we clearly have En ⊃ En+1 and, by
Lemma 9.2, we have that diamEn ≤ (As + 1) diamBn = 2(As + 1)s−n → 0. From
the estimates in Lemma 9.2, we see that d(z, cẐ(γ(n))) ≤ Ass−n. The first claim
follows. For the second claim is immediate as z is unique. 
Having Corollary 9.3 at our disposal, we say that a vertical geodesic γ : (N0, 0)→
(Ẑ, ∗) tends to z ∈ Z if cẐ(γ(n)) → z as n → ∞. For z ∈ Z, we denote Γx(Ẑ, ∗)
the family of all vertical geodesics in Ẑ tending to z.
9.2. Shadows. Based on Corollary 9.3, we also define the shadow of z ∈ Z in Ẑ
on level n ∈ N0 by
(3) SẐ(z;n) =
{
w ∈ Ẑ : ℓẐ(w) = n, cẐ(w) ∈ B¯(z, 2(As + 1)s−n)
}
.
We immediately observe that each vertical geodesic γ : (N0, 0)→ (Ẑ, ∗) tending to
z satisfies γ(n) ∈ SẐ(z, n) for each n ∈ N0.
For metrically doubling spaces, we have a uniform estimate for the size of the
shadow.
Lemma 9.4. Let Z be a metrically doubling continuum and Ẑ ∈ HFs(Z). Then
there exists a constant m ≥ 1 depending only on s and the doubling constant of Z
for which
#SẐ(z;n) ≤ m
for each z ∈ Z and n ∈ N0.
Proof. Let n ∈ N0. The balls B(cẐ(w), s−n/3) for w ∈ SẐ(z, n) are mutually
disjoint and contained in the ball B(z, 2(As + 2)s
−n). The claim follows now from
the doubling of Z. 
9.3. Separation of geodesics. As the last elementary lemma on vertical geodesics
we prove a separation lemma for geodesics which meet at a given level. We state
this more precisely as follows.
Lemma 9.5. Let Z be a compact metric space and Ẑ ∈ HFs(Z). Let E ⊆ Z
be a continuum and let v ∈ Ẑ be a vertex of highest level satisfying E ⊆ Bv.
Then, for each J ∈ N, there exists a constant k0 ∈ N0, depending only on J and
s, and there exist vertical geodesics γ1, . . . , γJ : (N0, 0) → (Ẑ, ∗) centered at points
z1, . . . , zJ ∈ E, respectively, all visiting vertex v, which have the following property:
(1) For k ≥ k0, if i 6= j then γi(ℓ(v) + k) 6= γj(ℓ(v) + k).
26 JEFF LINDQUIST AND PEKKA PANKKA
Proof. Let J ∈ N0. For each n ∈ N, let Wn be a maximal s−n separated subset
of E. By Lemma 8.2, we have that diamE ≥ s−ℓ(v)−1. Since E is connected, we
also have that diam(E) ≤ 2s−n|Wn|. We fix now the smallest n ∈ N for which
sns−ℓ(v)−1 > 2J . Since diamE ≥ s−ℓ(v)−1 by Lemma 8.2, we have that |Wn| > J .
Let z1, . . . , zJ ∈ Wn. By Lemma 9.1, we may fix, for 1 ≤ j ≤ J , a vertical
geodesic γj : N0 → Ẑ centered at zj visiting v, that is, satisfying γj(ℓ(v)) = v. This
is possible as E ⊆ Bv.
It remains to prove (1). Let m0 ∈ N0 be such that 4s−m0 < 1 and let m > m0.
Since zj ∈ Bγj(n+m), we have d(zj , cẐ(γj(n+m))) < 2s−(n+m) < s−n/2. Let i 6= j.
Then d(zj , zi) ≥ s−n and
d(zi, cẐ(γj(n+m))) ≥ d(zj , zi)− d(zj , cẐ(γj(n+m))) > s−n − s−n/2 = s−n/2.
Hence, γj(n+m) 6= γi(n+m). It remains to relate n+m0 with ℓ(v). As we chose the
smallest n ∈ N0 satisfying sns−ℓ(v)−1 > 2J , we have that n ≤ logs(2J) + ℓ(v) + 2.
Let k0 ∈ N be the smallest integer such that k0 ≥ logs(2J) + 2 +m0. Then, for
k ≥ k0 and i 6= j, we have that
ℓ(v) + k ≥ n− logs(2J)− 2 + k0 ≥ n+m0
and so γi(ℓ(v) + k) 6= γj(ℓ(v) + k). 
10. Vertical quasigeodesics
Recall that a map γ : N0 → X into a metric space (X, d) is a (α, β)-quasigeodesic
if
1
α
|m− n| − β ≤ d(γ(m), γ(n)) ≤ α|m− n|+ β
for all m,n ∈ N0. Following the terminology for geodesics, we say that a pointed
quasigeodesic (N0, 0)→ (Ẑ, ∗) into a hyperbolic filling Ẑ of a space Z is vertical.
We record first two versions of a geodesic stability lemma for infinite rays in
hyperbolic fillings; see e.g. Ghys and de la Harpe [GdlH90, Theorem 5.6] or Bonk
and Schramm [BS00, Proposition 5.4] for a proof.
Lemma 10.1. Let (Z, d) be a compact metric space, s > 1, and Ẑ ∈ HFs(Z). Let
also γ : (N0, 0)→ (Ẑ, ∗) be a vertical (α, β)-quasigeodesic. Then there is a constant
H = H(α, β, δ) > 0, where δ is the Gromov hyperbolicity constant of Ẑ, and a
vertical geodesic γ′ : (N0, 0)→ (Ẑ, ∗) satisfying distH(|γ|, |γ′|) ≤ H.
Lemma 10.2. Let Z be a compact metric space, s > 1, and Ẑ ∈ HFs(Z). Let
α ≥ 1, β ≥ 0, and z ∈ Z. Then there is a constant H1 > 0 depending on α, β, and
Gromov hyperbolicity constant of Ẑ for the following: If γ : (N0, 0) → (Ẑ, ∗) and
γ′ : (N0, 0) → (Ẑ, ∗) are (α, β)-quasigeodesics tending to z, then distH(|γ|, |γ′|) ≤
H1.
Remark 10.3. As a direct consequence of Lemma 10.1, if γ : (N0, 0)→ (Ẑ, ∗) is a
vertical quasigeodesic and γ′ : (N0, 0) → (Ẑ, ∗) is a vertical geodesic as in Lemma
10.1, then γ and γ′ tend to the same point on Z, that is, limn→∞ cẐ(γ(n)) =
limn→∞ cẐ(γ(n)) ∈ Z.
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10.1. Shadows revisited. We now adapt Lemma 9.4 to vertical quasigeodesics.
For α ≥ 1 and β > 0, we define an (α, β)-shadow of z ∈ Z in Ẑ on level n ∈ N0 by
Sα,β
Ẑ
(z;n) = {v ∈ Ẑ : ℓẐ(v) = n, cẐ(v) ∈ B(z, 3(As + 1)sHs−n)},
where H = H(α, β, δ) is the constant in Lemma 10.1.
Lemma 10.4. Let Z be a compact metric space, Ẑ ∈ HFs(Z), and let α ≥ 1 and
β > 0. Then, for z ∈ Z and a vertical (α, β)-quasigeodesic γ : (N0, 0) → (Ẑ, ∗)
tending to z, we have
{γ(k) ∈ Ẑ : ℓ(γ(k)) = n} ⊂ Sα,β
Ẑ
(z, n)
for each n ∈ N0. In particular,
d(z, c(γ(k))) ≤ 3(As + 1)sHs−ℓ(γ(k))
for each k ∈ N0.
Proof. By Lemma 10.1, there exists a vertical geodesic γ′ : (N0, 0) → (Ẑ, ∗) satis-
fying distH(γ, γ
′) ≤ H , where H is as in Lemma 10.1. Let n ∈ N0 and suppose
there exists k ∈ N0 for which ℓ(γ(k)) = n. Then there exists k′ ∈ N0 for which
|γ′(k′) − γ(k)| ≤ H . Thus ℓ(γ′(k′)) ≥ ℓ(γ(k)) − H = n − H . By Lemma 8.5, we
further have that
d(c(γ′(k′)), c(γ(k))) ≤ AssH−n.
Since γ′ tends to z, we have, by Corollary 9.3, that
d(z, c(γ′(k′))) ≤ 2(As + 1)sH−n.
Thus
d(z, c(γ(k))) ≤ 3(As + 1)sHs−n.
The claim follows. 
Remark 10.5. Lemma 10.4 yields the following property. Let Ẑ ∈ HFs(Z) and
let γ : (N0, 0)→ (Ẑ, ∗) and σ : (N0, 0)→ (Ẑ, ∗) be a vertical geodesic and a vertical
(α, β)-quasigeodesic both tending to z ∈ Z. Suppose v ∈ |γ| and w ∈ |σ| have the
same level in Ẑ. Then d(c(v), c(w)) ≤ K1s−ℓ(v), where K1 = 6(As + 1)sH .
Lemma 10.6. Let Z be a compact, doubling metric space, Ẑ ∈ HFs(Z), and let
α ≥ 1 and β ≥ 0. Then there exists a constant m ≥ 1, depending only on α, β, δ,
s, and the doubling constant of Z, for which
#Sα,β
Zˆ
(z;n) ≤ m
for each n ∈ N0.
Proof. The estimate on #Sα,β
Zˆ
(z; j) follows as in the proof of Lemma 9.4 with the
difference that the constant now also depends on H . 
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11. Vertical quasi-isometries between hyperbolic fillings
In this section, we discuss briefly two basic properties of vertical quasi-isometries:
the Lipschitz property and stability under composition. We begin with the Lipschitz
property.
Lemma 11.1. Let X and Y be compact metric spaces, s > 1, and let X̂ ∈ HF(X)
and Ŷ ∈ HF(Y ). Let α ≥ 1, β > 0, and let ϕ : (X̂, ∗)→ (Ŷ , ∗) be an (α, β)-vertical
quasi-isometry. Then, for all v, v′ ∈ X̂, we have
|ϕ(v)− ϕ(v′)| ≤ 2(α+ β)|v − v′|.
Proof. Since X̂ is (discretely) geodesic, it suffices to prove the result for adjacent
vertices v and v′ in X̂ , that is, for vertices satisfying |v− v′| = 1. The claim follows
then from the triangle inequality.
Let v and v′ be adjacent vertices in X̂. If ℓ(v) 6= ℓ(v′), then v and v′ lie on a
vertical geodesic γ : (N0, 0) → (X̂, ∗). Since ϕ is an (α, β)-vertical quasi-isometry,
we have that
|ϕ(v) − ϕ(v′)| ≤ α+ β = (α+ β)|v − v′|.
Suppose ℓ(v) = ℓ(v′). Then, Bv ∩ Bv′ 6= ∅. Let z ∈ Bv ∩ Bv′ and let w ∈ X̂ be
a vertex satisfying ℓ(w) = ℓ(v)− 1 and z ∈ Bw. Then |v−w| = |w− v′| = 1. Since
|ϕ(v)− ϕ(v′)| ≤ |ϕ(v) − ϕ(x)| + |ϕ(x) − ϕ(v′)|
and since both edges {v, w} and {w, v′} lie on vertical geodesics, we have that
|ϕ(v)− ϕ(v′)| ≤ 2(α+ β)|v − v′|.
The claim follows. 
We move now to compositions of vertical quasi-isometries. Heuristically, the
claim follows from the geodesic stability in hyperbolic fillings.
Lemma 11.2. Let X,Y, Z be doubling metric spaces, and let X̂ ∈ HF(X), Ŷ ∈
HF(Y ), and Ẑ ∈ HF(Z) be hyperbolic fillings. Let ϕ : (X̂, ∗)→ (Ŷ , ∗) and ψ : (Ŷ , ∗)→
(Ẑ, ∗) be (αϕ, βϕ) and (αψ , βψ)-vertical quasi-isometries, respectively. Then ω =
ψ ◦ ϕ : (X̂, ∗)→ (Ẑ, ∗) is an (α, β)-vertical quasi-isometry, where α ≥ 1 and β ≥ 0
depend quantitatively on the data of X̂, Ŷ , Ẑ, ϕ, and ψ.
Proof. Let γ : (N0, 0)→ (X̂, ∗) be a vertical geodesic. Then, ϕ◦γ : (N0, 0)→ (Ŷ , ∗)
is a vertical quasigeodesic. By Lemma 10.2, there is a constant H = H(αϕ, βϕ, Ŷ )
and a vertical geodesic σ : (N0, ∗)→ (Ŷ , ∗) with distH(|σ|, |γ|) ≤ H .
Let j, j′ ∈ N0 and let k, k′ ∈ N0 be indices for which |(ϕ ◦ γ)(j)− σ(k)| ≤ H and
|(ϕ ◦ γ)(j′)− σ(k′)| ≤ H . Then
|(ϕ ◦ γ)(j)− (ϕ ◦ γ)(j′)| ≤ 2H + |σ(k)− σ(k′)| = 2H + |k − k′|.
By Lemma 11.1, ψ is 2(αψ + βψ)-Lipschitz. Thus, for H
′ = 2(αψ + βψ)H , we have
|(ψ◦ϕ◦γ)(j)−(ψ◦σ)(k)| = |ψ(ϕ(γ(j)))−ψ(σ(k))| ≤ 2(αψ+βψ)|ϕ(γ(j))−σ(k)| ≤ H ′.
Likewise
|(ψ ◦ ϕ ◦ γ)(j′)− (ψ ◦ σ)(k′)| ≤ H ′.
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Since ψ is a vertical quasi-isometry and σ is a vertical geodesic, the path ψ ◦ σ
is a vertical quasigeodesic. Thus
|(ψ ◦ ϕ ◦ γ)(j)− (ψ ◦ ϕ ◦ γ)(j′)| ≤ 2H ′ + |(ψ ◦ σ)(k) − (ψ ◦ σ)(k′)|
≤ 2H ′ + αψ |k − k′|+ βψ.
Since γ is a vertical geodesic, we also have that
|k − k′| = |σ(k)− σ(k′)| ≤ 2H + |(ϕ ◦ γ)(j)− (ϕ ◦ γ)(j′)| ≤ 2H + αϕ|j − j′|+ βϕ.
Thus
|(ψ ◦ ϕ ◦ γ)(j)− (ψ ◦ ϕ ◦ γ)(j′)| ≤ 2H ′ + αψ(2H + αϕ|j − j′|+ βϕ) + βψ
This establishes the upper inequality of the vertical quasi-isometry condition with
α = αψαϕ and β = 2H
′ + αψ(2H + βϕ) + βψ.
We now establish the lower vertical quasi-isometry inequality. Let j, j′, k, k′
be indices as above. We apply the vertical quasi-isometry condition to vertical
quasi-isometry ϕ : (X̂, ∗)→ (Ŷ , ∗) and to vertical geodesic γ : (N0, 0)→ (X̂, ∗) and
rearrange the above inequalities to have that
α−1ϕ |j − j′| − βϕ − 2H ≤ |(ϕ ◦ γ)(j)− (ϕ ◦ γ)(j′)| − 2H ≤ |k − k′|.
The vertical quasi-isometry condition applied to vertical quasi-isometry ψ : (Ŷ , ∗)→
(Ẑ, ∗) and geodesic σ : (N0, 0)→ (Ŷ , ∗) gives
α−1ψ |k−k′|−βψ ≤ |(ψ ◦σ)(k)− (ψ ◦σ)(k′)| ≤ 2H ′+ |(ψ ◦ϕ◦γ)(j)− (ψ ◦ϕ◦γ)(j′)|.
Combining these inequalities yields
α−1ϕ |j − j′| − βϕ − 2H ≤ αψ(2H ′ + |(ψ ◦ ϕ ◦ γ)(j)− (ψ ◦ ϕ ◦ γ)(j′)|+ βψ)
and so
α−1ψ (α
−1
ϕ |j − j′| − βϕ − 2H)− 2H ′ − βψ ≤ |(ψ ◦ ϕ ◦ γ)(j)− (ψ ◦ ϕ ◦ γ)(j′)|.
This establishes the lower inequality of the vertical quasi-isometry condition with
α = αψαϕ and β = α
−1
ψ (βϕ + 2H) + 2H
′ + βψ. 
Part 3. Extensions
12. Extension of branched quasisymmetries into hyperbolic fillings
In this section, we prove Theorem 1.3 in the introduction. We call the map
ϕf : X̂ → Ŷ in the statement a hyperbolic filling of f : X → Y . For the statement,
we say that a continuous map f : X → Y is non-collapsing if diam fB > 0 for
all balls B ⊂ X . In particular, a non-constant branched quasisymmetry from a
bounded turning space is non-collapsing.
Definition 12.1. Let f : X → Y be a non-collapsing map between compact metric
spaces X and Y , and let X̂ ∈ HF(X) and Ŷ ∈ HF(Y ) be hyperbolic fillings of X
and Y , respectively. A map ϕ : X̂ → Ŷ is a hyperbolic filling of f if, for each vertex
v ∈ X̂ , the image ϕ(v) is a vertex in Ŷ of maximal level ℓ(ϕf (v)) among all vertices
w ∈ Ŷ satisfying f(Bv) ⊂ Bw.
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Remark 12.2. Note that the assumption that f is non-collapsing is necessary
and sufficient condition in the definition for the existence of hyperbolic filling. If
we assume that, in addition, the space X is a continuum, we may replace non-
collapsing by more natural assumption that the map is light; see Lemma 2.1.
Having this terminology and Theorem 4.1 at our disposal, it suffices to show that
each power branched quasisymmetry has a hyperbolic filling, which is a vertical
quasi-isometry. We reformulate Theorem 1.3 as follows.
Theorem 12.3. Let X and Y be compact metric spaces and suppose that X has
bounded turning, let X̂ and Ŷ be hyperbolic fillings of X and Y , respectively, and let
f : X → Y be a power branched quasisymmetry. Then a hyperbolic filling ϕ : X̂ → Ŷ
of f is a vertical quasi-isometry, quantitatively.
The proof is based on the diameter comparison of images fBv and fBw of balls
Bv and Bw on a same vertical geodesic in X̂. We formulate this as the following
lemma.
Lemma 12.4. Let X and Y be compact metric spaces and suppose that X has
λ-bounded turning, let X̂ ∈ HFs(X) and Ŷ ∈ HF(Y ) be hyperbolic fillings of X and
Y , respectively, and let f : X → Y be a branched quasisymmetry. Then, for vertices
v and v′ on a vertical geodesic γ : (N0, 0)→ (X, ∗), we have
diam(fBv′) . η
(
C
diamBv′
diamBv
)
diam(fBv),
where C > 0 depends only on λ and s and the constant of comparability only on η
and λ.
Proof. Let Ev = EBv and Ev′ = EBv′ . For t > 0, let also F
t
V = EtBv and
F tv′ = EtBv′ .
By Lemma 9.2, there exists a constant a > 1, depending only on s, for which
F av ∩ F av′ 6= ∅. Indeed, we may assume that ℓ(v′) > ℓ(v). Then there exists A > 0,
depending on s, for which Bv′ ⊂ (A + 1)Bv. Then Ev′ ∩ E(A+1)Bv 6= ∅. Thus
F av ∩ F av′ 6= ∅ for a = A+ 1.
Since Bv′ ⊂ F av′ , we have that
diam(fBv′) ≤ diam(fF av′) ≤ η
(
diamF av′
diamF av
)
diam(fF av )
≤ η
(
diamF av′
diamF av
)
η
(
diamF av
diamEv
)
diam(fEv).
By Lemma 2.5, we have
diamF av′
diamF av
≤ 2λa diamBv′
diamBv
.
and
diamF av
diamEv
≤ 2λa diamBv
diamBv
= 2λa.
By Lemma 3.8, we also have that
diam(fEv) ≃ diam(fBv),
with a constant depending only on η and λ. The claim follows. 
We are now ready for the proof of Theorem 12.3.
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Proof of Theorem 12.3. Let s, u > 1 be such that X̂ ∈ HFs(X) and Ŷ ∈ HFu(Y )
and let f : X → Y be a power branched quasisymmetry, that is, f is a branched
η-quasisymmetry with η : [0,∞) → [0,∞), t 7→ Cmax{t1/q, tq} for C > 0 and
q ∈ (0, 1).
Let γ : (N0, 0)→ (X̂, ∗) be a vertical geodesic and let j, j′ ∈ N0. Let also v = γ(j)
and v′ = γ(j′). We may assume that j′ > j.
In the following we denote by K any constant that depends quantitatively on
the parameters. The value of K may change from line to line or even within the
same line.
We note that diam(Bw) ≃ s−ℓ(w) for w ∈ X̂ and diam(Bw) ≃ u−ℓ(w) for w ∈ Ŷ .
It follows that
ℓ(w) +K ≤ − logs(diam(Bw)) ≤ ℓ(w) +K
and
ℓ(ϕ(w)) +K ≤ − logu(diam(fBw)) ≤ ℓ(ϕ(w)) +K
for w ∈ X̂
By Lemma 12.4, we have that
diam(fBv′) ≤ η
(
K
diamBv′
diamBv
)
diam(fBv).
Since diamBv′ . diamBv, we have, with c = log(s)/ log(u) > 0 and Q = q or
Q = 1/q depending on our input, that
ℓ(ϕ(v′)) ≥ K − logu(diam(fBv′)) ≥ K − logu
(
Kη
(
K
diamBv′
diamBv
))
− logu(diam(fBv))
≥ K − logu
(
K
(
K
diamBv′
diamBv
)Q)
+ ℓ(ϕ(v))
≥ K −Q
(
logu(diam(Bv′)) − logu(diam(Bv))
)
+ ℓ(ϕ(v))
≥ K −Qc
(
logs(diam(Bv′ ))− logs(diam(Bv))
)
+ ℓ(ϕ(v))
≥ K −Qc
(
−ℓ(v′) + ℓ(v)
)
+ ℓ(ϕ(v))
≥ K +Qc
(
ℓ(v′)− ℓ(v)
)
+ ℓ(ϕ(v)).
Since v and v′ are on the same vertical geodesic and Q ≥ q, we have that
|ϕ(v′)− ϕ(v)| ≥ ℓ(ϕ(v′))− ℓ(ϕ(v)) ≥ K + qc|v − v′|.
For the other direction, we consider first adjacent vertices v and v′ on the same
vertical geodesic in X̂. Since ϕ is a hyperbolic filling of f , we have that
Bϕ(v) ∩Bϕ(v′) ⊃ f(Bv) ∩ f(Bv′) ⊃ f(Bv ∩Bv′) 6= ∅.
Thus either we have ℓ(ϕ(v)) = ℓ(ϕ(v′)) and |ϕ(v) − ϕ(v′)| ≤ 1 or there exists a
geodesic segment ϕ(v) = w0, . . . , wk = ϕ(v
′) in Ŷ satisfying ℓ(wj) = ℓ(ϕ(v))+ j for
each j = 0, . . . , k. In the first case, ϕ(v) and ϕ(v′) are adjacent in Ŷ . Thus we may
assume that the latter case holds. Then
|ϕ(v)− ϕ(v′)| = |ℓ(ϕ(v))− ℓ(ϕ(v′))|.
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Since v and v′ are adjacent, we have by Lemma 12.4 that
diam(fBv) ≃ diam fBv′ ,
where the constants depend only on η, λ, and s. Thus the distance |ϕ(v) − ϕ(v′)|
is uniformly bounded by a constant depending only on η, λ, and s. The claim now
follows from the triangle inequality. 
Remark 12.5. Suppose that f : X → Y is a surjective power branched quasisym-
metry with exponent q ∈ (0, 1] and that X and Y are compact and connected spaces
with diam(X) = diam(Y ) = 1. Then, for each continuum E ⊂ X , we have
diam(fE) =
diam(fE)
diam(Y )
. η
(
diam(E)
diam(X)
)
≤ diam(E)q
and
1
diam(fE)
=
diam(Y )
diam(fE)
. η
(
diam(Z)
diam(E)
)
≤ diam(E)−1/q.
Thus
diam(E)1/q . diam(fE) . diam(E)q.
Hence, by Lemma 3.8, we have, for each vertex v ∈ X̂ in X̂ ∈ HFs(X), that
s−ℓ(v)/q . diam(Bϕ(v)) . s
−ℓ(v)q.
In particular, there is a constant C > 0 such that
ℓ(v)q − C ≤ ℓ(ϕ(v)) ≤ ℓ(v)/q + C.
for each hyperbolic filling ϕ : X̂ → Ŷ .
12.1. Finite multiplicity of the filling. Heuristically, a hyperbolic filling of a
discrete and open branched quasisymmetry between doubling metric spaces has
finite multiplicity. We formulate this as follows.
Theorem 12.6. Let X and Y be compact, λ-bounded turning, and doubling metric
spaces, and let X̂ ∈ HFs(X) and Ŷ ∈ HF(Y ). Let f : X → Y be a discrete and
open power branched quasisymmetry, and let ϕ : X̂ → Ŷ be a hyperbolic filling of
f . Then, ϕ has finite multiplicity. Moreover, N(ϕ) depends only on f , λ, and the
doubling constants of X and Y .
Proof. Let w ∈ Ŷ . Let v1, . . . , vJ be a set of vertices in ϕ−1(w) for which Bvi∩Bvj =
∅ for i 6= j. We show first that J is bounded from above independent of w.
To see this, let i ∈ {1, . . . , J}. By the definition of ϕ and Lemma 8.2, we have
that diam(fBvi) ≃ diam(Bw), where the constants depend only on s. Thus, by
Koebe distortion theorem (Theorem 5.1), there exists a ball Bi ⊂ fBvi of diameter
c1 diam(Bw), where c1 > 0 depends only on the data.
Since the balls B1, . . . , BJ are mutually disjoint, the upper bound for J follows
now from the doubling constant of X and multiplicity of f .
To obtain the bound for |ϕ−1(w)|, it remains to estimate the size of the set
Vi = {v ∈ X̂ : Bv ∩ Bi, ϕ(v) = ϕ(vi)} for each i = 1, . . . , J . Let α ≥ 1 and β > 0
be constants for which ϕ is an (α, β)-vertical quasi-isometry. Let v ∈ Vi. Then
|v − vi| ≤ α|ϕ(v) − ϕ(vi)|+ β = β.
Thus Vi ⊂ B¯(vi, β).
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Since X is doubling, we have that the number of vertices in the ball B¯(vi, β) in
X̂ is bounded by a constant depending only on β and doubling constant of X . This
completes the proof. 
12.2. Coboundedness. Recall that the image of a quasi-isometry ψ : X̂ → Ŷ is
cobounded, that is, there exists R > 0 for which Ŷ ⊂ B(ψ(X̂), R). A similar
property is shared by hyperbolic fillings of surjective branched quasisymmetries.
Lemma 12.7. Let X and Y be compact metric spaces and suppose X has bounded
turning. Let X̂ ∈ HFs(X) and Ŷ ∈ HFs(Y ) be hyperbolic fillings of X and Y , re-
spectively. Let ϕ : X̂ → Ŷ be a hyperbolic filling of a surjective branched quasisym-
metry f : X → Y . Then there is a constant R > 0 satisfying Ŷ ⊂ B(ϕ(X̂), R).
Proof. Let w ∈ Ŷ and let γ : N0 → Ŷ be a vertical geodesic passing through w,
that is, there exist j ∈ N0 for which γ(j) = w. Let y ∈ Y be such that γ(j)→ y as
j → ∞, and let x ∈ X be such that f(x) = y. Let also σ : N0 → X̂ be a vertical
geodesic tending to x. Then ϕ ◦ σ : (N0, 0) → (Ŷ , ∗) is a vertical quasigeodesic
satisfying ϕ ◦ σ(j) → y as j → ∞. Thus, by Lemma 10.2, there exists H1 > 0,
independent of γ and σ, for which distH(γ, ϕ ◦ σ) ≤ H1. The claim follows. 
12.3. Hyperbolic fillings of local branched quasisymmetries. In this sec-
tion, we revisit the extension into hyperbolic fillings, this time for local branched
quasisymmetries. For the statement, we define the notion of an eventual vertical
quasi-isometry.
Definition 12.8. A map ϕ : (X̂, ∗) → (Ŷ , ∗) is an eventual (α, β)-vertical quasi-
isometry (with cutoff J > 0) if for each vertical geodesic γ : (N0, 0) → (X̂, ∗) the
map ϕ ◦ γ : (N0, 0)→ (Ŷ , ∗) satisfies
1
α
|j − j′| − β ≤ |ϕ(γ(j))− ϕ(γ(j′))| ≤ α|j − j′|+ β
for all j, j′ ≥ J .
Remark 12.9. Note that, if ϕ : (X̂, ∗) → (Ŷ , ∗) an eventual (α, β)-vertical quasi-
isometry ϕ : X̂ → Ŷ with cutoff J > 0 between hyperbolic fillings X̂ and Ŷ , then
the map ψ : (X̂, ∗) → (Ŷ , ∗), defined by v 7→ ∗ for ℓ(v) ≤ J and v 7→ ϕ(v) for
ℓ(v) > J , is an (α, 2J + β)-vertical quasi-isometry.
We formalize a local version of Theorem 1.3 as follows. Since the proof is almost
verbatim, we give merely a sketch of a proof. Recall that under the bounded
turning assumption, each local branched quasisymmetry is a local power branched
quasisymmetry; see Remark 4.5.
Theorem 12.10. Let X and Y be compact metric spaces, where X has λ-bounded
turning. Let X̂ ∈ HF(X) and Ŷ ∈ HF(Y ) be hyperbolic fillings of X and Y , respec-
tively. Let f : X → Y be a discrete and open local power branched quasisymmetry.
Then the hyperbolic filling ϕ : X̂ → Ŷ of f is an eventual vertical quasi-isometry of
finite multiplicity, quantitatively.
Sketch of a proof. Let ε > 0 be the locality scale for f , that is, (BQS) holds for
continua of diameter at most ε.
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By Remark 3.9, we have an effective comparison of diameters of fBv and Bϕ(v)
if diam((As + 1)Bv) ≤ ε. We may now fix the level J > 0, which satisfies s−J <
ε/(As + 1). We may now follow the proof of Theorem 12.3. 
13. Extension of vertical quasi-isometries to the boundary
In this section we prove that vertical quasi-isometries between hyperbolic fillings
of compact, doubling metric spaces extend to branched quasisymmetries between
their boundaries. For the statement and discussion, we begin with a discussion on
the trace maps X → Y of maps between hyperbolic fillings X̂ → Ŷ .
13.1. Traces. We call the map f : ∂X̂ → ∂Ŷ induced by a map ψ : X̂ → Ŷ a trace
of ψ. More formally, we give the following definition.
Definition 13.1. Let X and Y be compact metric spaces and X̂ ∈ HF(X) and
Ŷ ∈ HF(Y ) their hyperbolic fillings, respectively. A mapping fϕ : ∂X̂ → ∂Ŷ is
a trace of a mapping ϕ : X̂ → Ŷ if, for each x ∈ ∂X̂ and a vertical geodesic
γ : (N0, 0)→ (X̂, ∗) tending to x, (ϕ ◦ γ)(j)→ fϕ(x) as j →∞.
In what follows, we identify, as we may, the boundary ∂X̂ with the original
space X and call the map f : X → Y , which coincides with fϕ : ∂X̂ → ∂Ŷ after
the identification, the trace of ϕ : X̂ → Ŷ , although the map f depends on the
identifications.
Our first observation is that the traceX → Y of a vertical quasi-isometry X̂ → Ŷ
is well-defined and continuous.
Lemma 13.2. Let X and Y be compact metric spaces and let X̂ ∈ HFs(X) and
Ŷ ∈ HFt(Y ) be their hyperbolic fillings. Then, each (α, β)-vertical quasi-isometry,
has a continuous trace f : X → Y .
Proof. For the existence, let x ∈ X and γ : (N0, 0) → (X̂, ∗) a vertical geodesic
tending to x. Since ϕ is a vertical quasi-isometry, ϕ ◦ γ : (N0, 0) → (Ŷ , ∗) is a
quasigeodesic tending to a point, say f(x), on Ŷ . By Lemma 10.1, for each vertical
geodesic γ′ : (N, 0) → (X̂, ∗) tending to x, the image ϕ ◦ γ′ is of bounded distance
from ϕ ◦ γ. Thus (ϕ ◦ γ′)(j) → f(x). The map f : X → Y , x 7→ f(x), therefore is
well-defined.
To show that the trace f is continuous, let x ∈ X and ǫ > 0. Let also γ : (N0, 0)→
(X̂, ∗) be a centered vertical geodesic tending to x. Let now At > 0 be the structure
constant (2) and H = H(α, β) > 0 a constant as in Lemma 10.1 for Ŷ . Since
ℓ(ϕ(γ(j)))→∞ as j →∞, we may fix a level j0 ∈ N0 for which
3(At + 1)t
Ht−ℓ(ϕ(γ(j))) < ǫ/2
for all j ≥ j0.
Let now δ = s−j0/2. We show that fϕB(x, δ) ⊂ B(fϕ(x), ǫ). Let x′ ∈ B(x, δ) and
let γ′ : (N0, 0)→ (X̂, ∗) be a vertical geodesic tending to x′. Since d(x, x′) < s−j0 ,
we may further assume that γ(j0) = γ
′(j0). Then, by Lemma 10.4, we have that
d(f(x), c(Bϕ(γ′(j0))) < 3(At + 1)t
Ht−ℓ(ϕ(γ(j0))) < ε/2
for the center of the ball Bϕ(γ′(j0)) in X and likewise for f(x
′). Thus, by the triangle
inequality, d(f(x), f(x′)) < ε. Hence, the map fϕ is continuous. 
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Heuristically, the trace is a left inverse of the hyperbolic filling. We state this
formally as follows. Note that, in the statement, the assumption that the hyperbolic
filling is a vertical quasi-isometry is required by the definition of the trace.
Lemma 13.3. Let X and Y be compact metric spaces and let X̂ ∈ HF(X) and
Ŷ ∈ HF(Y ) be their hyperbolic fillings, respectively. Let f : X → Y be a non-
collapsing map admitting a hyperbolic filling ϕ : X̂ → Ŷ , which is a vertical quasi-
isometry. Then the trace fϕ : X → Y of ϕ satisfies fϕ = f .
Proof. Let x ∈ X and let γ : (N0, 0) → (X̂, ∗) be a vertical geodesic centered at
x. It suffices to show ϕ ◦ γ tends to f(x). Since ϕf is a vertical quasi-isometry,
it follows that ϕ ◦ γ tends to a point y ∈ Y . Since f(Bγ(k)) ⊆ Bϕ(γ(k)) for each
k ∈ N0, it follows that f(x) ∈ Bϕf (γ(k)) for all k. Since diam(ϕf (γ(k))) → 0 as
k →∞, we have that y = f(x). 
13.2. Finite multiplicity of the trace. We now add the assumption that our
vertical quasi-isometry has finite multiplicity and show that the trace has finite
multiplicity.
Lemma 13.4. Let X and Y be compact metric spaces, where Y is doubling, and
let X̂ ∈ HFs(X) and Ŷ ∈ HFt(Y ). Let f : X → Y be a trace of an (α, β)-vertical
quasi-isometry ϕ : X̂ → Ŷ of finite multiplicity. Then f has finite multiplicity,
quantitatively. That is,
N(f) . N(ϕ) (α+ β) ,
where the constant depends only on t, s, and the doubling constant of Y .
Proof. Let y ∈ Y and let G = f−1(y). For each x ∈ G, let γx : (N0, 0) → (X̂, ∗)
be a vertical geodesic tending to x. Let L ∈ N be a natural number such that
L ≤ |f−1ϕ (y)|. We show that L has a uniform upper bound.
By Lemma 9.2, there are points x1, . . . , xL ∈ G and a level K depending on
x1, . . . , xL such that for all k, k
′ ≥ K we have that γxi(k) 6= γxj (k′) when i 6= j.
Let n = supi ℓ(ϕ(γxi(K))). For each xi, let
ki = inf{k : k ≥ K and ℓ(ϕ(γxi(k + 1)) > n}.
Then ℓ(ϕ(γxi(ki + 1))) > n and ℓ(ϕ(γxi(ki))) ≤ n for each i = 1, . . . , L.
Since ϕ is an (α, β)-vertical quasi-isometry, we have that ℓ(ϕ(γxi(ki + 1))) ≤
n+ α + β for each i = 1, . . . , L. Since each ϕ(γxi) tends to y, we have, by Lemma
10.6, that there are at most m(α + β) possible images of ϕ(γxi(ki + 1)), where
m ∈ N0 depends only on α, β, η, t, and the doubling constant of Y . Hence we
have that L ≤ N(ϕ)m(α + β). As y and L were arbitrary, we conclude that
N(f) ≤ N(ϕ)m(α + β). 
13.3. Traces of finite multiplicity vertical quasi-isometries are branched
quasisymmetric. In this section, we show that traces of vertical quasi-isometries
of finite multiplicity between hyperbolic fillings are branched quasisymmetries,
i.e. Theorem 1.5 in the introduction. We reformulate this theorem as follows.
Theorem 13.5. Let X and Y be compact, doubling metric spaces and let X̂ ∈
HFs(X) and Ŷ ∈ HFt(Y ) be hyperbolic fillings. Let ϕ : (X̂, ∗)→ (Ŷ , ∗) be a pointed
vertical quasi-isometry of finite multiplicity. Then the trace f : X → Y of ϕ is a
power branched quasisymmetry of finite multiplicity.
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The assumption that the vertical quasi-isometry has finite multiplicity is neces-
sary as the following example shows.
Example 13.6. Consider X = [0, 1]2 and Y = [0, 1]. Let f : X → Y be the second
coordinate projection (x, y) 7→ y. Let X̂ ∈ HF(X) be the hyperbolic filling of
X obtained by taking as vertex centers all dyadic points, that is, {(x, y) : x, y ∈
{i2−n : 0 ≤ i ≤ 2n}}. Similarly, let Ŷ ∈ HF(Y ) be obtained similarly with
centers in {i2−n : 0 ≤ i ≤ 2n}. Let then ϕ : X̂ → Ŷ be the unique map satisfying
cŶ (ϕ(v)) = f(cX̂(v)) and ℓŶ (ϕ(v)) = ℓX̂(v) for all v ∈ X̂. Then f is a trace of
ϕ; in fact, ϕ is also a hyperbolic filling of f . The map ϕ is a vertical (1, 0)-quasi-
isometry, but f is not a branched quasisymmetry, since f−1(y) = [0, 1] × {y} for
each y ∈ [0, 1].
Since we need to verify the distortion condition (BQS) for intersecting continua
in X , we begin the proof of Theorem 13.5 with a lemma which associates diameters
of images of continua in X to diameters of images fBv of vertex balls Bv for v ∈ X̂.
Lemma 13.7. Let X and Y be compact metric spaces, and let X̂ ∈ HFs(X) and
Ŷ ∈ HFt(Y ) be their hyperbolic fillings, respectively. Let ϕ : (X̂, ∗) → (Ŷ , ∗) be a
pointed (α, β)-vertical quasi-isometry of finite multiplicity, and let f : X → Y be
the trace of ϕ. Then, for a continuum E ⊂ X and a vertex v ∈ X̂ of highest level
satisfying E ⊆ Bv,
diam(fE) ≃ diam(Bϕ(v)),
where the constants depend on α, β, s, t, N(ϕ).
Proof. We first show that diam(fE) . diam(Bϕ(v)). Let x ∈ E, y = f(x), and
let γ : (N0, 0) → (X̂, ∗) be a vertical geodesic passing through v and tending to x.
Then, ϕ ◦ γ is an (α, β)-quasigeodesic tending to f(x). By Lemma 10.4, we have
that
d(f(x), cX̂(Bv)) ≤ 3(At + 1)tHt−ℓ(ϕ(v)).
We conclude that
diam(fE) ≤ 6(At + 1)tHt−ℓ(ϕ(v)) . diam(Bϕ(v)).
We prove now the other direction diam(Bϕ(v)) . diam(fE). By Lemma 13.4,
fE is not a point. Since f is continuous by Lemma 13.2, we have that fE is a
continuum. Thus we may fix a vertex w ∈ Ŷ of maximal level such that fE ⊂ Bw.
By Lemma 8.2, we have that diam(fE) ≃ diam(Bw) ≃ t−ℓ(w). Since we aim to
bound diam(fE) below, we may assume that ℓ(w) ≥ ℓ(ϕ(v)).
Let σ : {0, . . . , ℓ(w)} → Ŷ be a geodesic segment with σ(ℓ(w)) = w and σ(0) = ∗.
Let H1 > 0 be the constant in Lemma 10.2 and let
Σ = {w′ ∈ Ŷ : dist(w′, σ{0, . . . , ℓ(w)}) ≤ 2H1 and ℓ(w)− α− β ≤ ℓ(w′) < ℓ(w)}.
We fix J = N(ϕ)|Σ| + 1. By Lemma 9.5, there exists k0 ∈ N depending only
on J and s, and geodesics γ1, . . . , γJ : (N0, 0) → (X̂, ∗) with the properties that
Bσj(k) ∩ E 6= ∅ for each k ∈ N0 and 1 ≤ j ≤ J , and γj(ℓ(v) + k) 6= γi(ℓ(v) + k) for
k ≥ k0 and j 6= i.
We show that
(4) ℓ(w) ≤ ℓ(ϕ(v)) + α(k0 + 1) + β.
Suppose towards contradiction that (4) does not hold.
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Since ϕ is an (α, β)-vertical quasi-isometry, we have that
ℓ(γj(ℓ(v) + k)) ≤ ℓ(ϕ(v)) + αk + β.
For each j = 1, . . . , J , let kj ∈ N0 be the smallest index k > 0 for which
ℓ(γj(ℓ(v) + k)) ≥ ℓ(w).
Since ℓ(w) ≥ ℓ(ϕ(v)) and (4) does not hold, we have that kj ≥ k0+1 > k0 for each
j = 1, . . . , J .
Consider the set
A = {γj(ℓ(v) + kj − 1) : 1 ≤ j ≤ J}.
Since kj−1 ≥ k0 for each j, we have, by (1) in Lemma 9.5, that |A| = J . Moreover,
the levels of vertices in ϕ(A) are in [ℓ(w)− α− β, ℓ(w)).
We claim that ϕ(A) ⊆ Σ. To show this, let σj = ϕ ◦ γj : (N0, 0) → (Ŷ , ∗) for
each j = 1, . . . , J . We fix j ∈ {1, . . . , J} and denote y ∈ fE the limit of σj . Since
fE ⊂ Bw and σ(ℓ(w)) = w, we may extend σ to a geodesic σ : (N0, 0) → (Ŷ , ∗)
tending to y. Then, by Lemma 10.2, we have that σj and σ are within H1 of each
other. Since σj(ℓ(v) + kj − 1) ∈ ϕ(A), we have by the bound on the levels of ϕ(A)
that ϕ(A) ⊆ Σ. Since |A| = J = N(ϕ)|X |+ 1 and |ϕ−1(X)| ≤ N(ϕ)|X |, we have a
contradiction. Thus (4) holds.
In particular, we have that
ℓ(w) ≤ ℓ(ϕ(v)) +D,
where D > 0 is a constant depending only on α, β,N(ϕ), s, and t. Thus
diam(fE) ≃ t−ℓ(w) & t−ℓ(ϕ(v)) ≃ diam(Bϕ(v)).
The claim follows. 
We refine Lemma 13.7 to geodesics.
Lemma 13.8. Let X and Y be compact metric spaces and let X̂ ∈ HFs(X) and
Ŷ ∈ HFt(Y ) be their hyperbolic fillings, respectively. Let ϕ : (X̂, ∗) → (Ŷ , ∗) be an
(α, β)-vertical quasi-isometry of finite multiplicity, and let f : X → Y be the trace
of ϕ. Then, for a continuum E ⊆ X and a vertical geodesic γ : (N0, 0) → (X̂, ∗)
tending to a point in E, we have for the maximal index j ∈ N satisfying E ⊂
2AsBγ(j) that
diam(fE) ≃ diam(Bϕ(γ(j))),
where the constants depend only on α, β, s, t, and N(ϕ).
Proof. We show that the distance between v = γ(j) and a vertex v′ ∈ X̂ of highest
level satisfying E ⊆ Bv′ is bounded independently of γ. First we estimate diam(E)
in terms of diam(Bv). Since E ⊆ 2AsBv, we have that
diam(E) ≤ diam(2AsBv) ≤ 8Ass−ℓ(v).
Let x ∈ X be the limit of γ. Then, by Lemma 9.2, we have d(x, cX̂(v)) ≤ Ass−ℓ(v).
Hence, if diam(E) ≤ Ass−ℓ(v), then E ⊆ 2AsBv. As v was the vertex of highest
level in γ such that E ⊆ 2AsBv, it follows that
diam(E) > Ass
−ℓ(v)−1.
So diam(E) ≃ diam(Bv) with constants depending only on s.
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Since diam(E) is comparable with both diam(Bv) and diam(Bv′) with constants
only depending on s, there is a constant C > 0 depending only on s for which
|ℓ(v)− ℓ(v′)| ≤ C.
Let i = min{ℓ(v), ℓ(v′)}. Since E ⊂ Bv′ ∩ 2AsBv, we have, by the triangle
inequality, that
d(cX̂(v), cX̂(v
′)) ≤ 1
2
(diam(2AsBv) + diam(Bv′ ))
≤ 2Ass−ℓ(v) + s−ℓ(v
′) ≤ (2As + 1)s−i+C
Let p ∈ N0 be the smallest integer for which (2As+1)sC < sp. Then, by Corollary
8.4, we have that
|v − v′| ≤ 2p+ |ℓ(v)− ℓ(v′)| ≤ C′.
where C′ depends only on s. Hence, by Lemma 11.1, we have
|ϕ(v) − ϕ(v′)| ≤ 2(α+ β)C′.
Since diam(fE) ≃ diam(Bϕ(v′)) by Lemma 13.7, we have that
diam(fE) ≃ diam(Bϕ(v′)) ≃ diam(Bϕ(v)).
The proof is complete. 
We are now ready to prove Theorem 13.5.
Proof of Theorem 13.5. Let E and E′ be intersecting continua in X . Let x ∈ E∩E′
and let γ : (N0, 0) → (X̂, ∗) be a vertical geodesic ray tending to x. Let also
v = γ(j) and v′ = γ(j′) be vertices of highest level in γ for which E ⊆ 2AsBv and
E′ ⊆ 2AsBv′ , respectively. Then
diam(E)
diam(E′)
≃ diam(Bv)
diam(Bv′)
≃ sℓ(v′)−ℓ(v).
By Lemma 13.8, we also have that
diam(fE)
diam(fE′)
≃ tℓ(ϕ(v′))−ℓ(ϕ(v)).
Let c = log(t)/ log(s). We apply the vertical quasi-isometry condition in three
different cases.
Case 1: Suppose first that ℓ(v) ≤ ℓ(v′). Then ℓ(v′)− ℓ(v) = |v − v′| and
ℓ(ϕ(v′))− ℓ(ϕ(v)) ≤ |ℓ(ϕ(v′))− ℓ(ϕ(v))| ≤ |ϕ(v′)− ϕ(v)| ≤ α|v − v′|+ β
= α(ℓ(v′)− ℓ(v)) + β.
Hence
diam(fE)
diam(fE′)
≃ tℓ(ϕ(v′))−ℓ(ϕ(v)) ≤ tα(ℓ(v′)−ℓ(v))+β ≃ tβ
(
diam(E)
diam(E′)
)cα
.
Case 2: Suppose now that ℓ(v) > ℓ(v′) and ℓ(ϕ(v)) > ℓ(ϕ(v′)). Then, we have
ℓ(v′)− ℓ(v) = −|v− v′|. By Lemma 10.1, there is a constant H = H(α, β, δ), where
δ is the Gromov hyperbolicity constant of Ŷ , and a vertical geodesic σ : (N0, 0)→
(Ŷ , ∗) for which distH(σ, ϕ(γ)) ≤ H . In particular, there are vertices w and w′ on
σ for which |w − ϕ(v)| ≤ H and |w′ − ϕ(v′)| ≤ H .
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Since σ is a vertical geodesic, we have, by the triangle inequality, that
|ϕ(v)− ϕ(v′)| ≤ |ϕ(v) − w|+ |w − w′|+ |w′ − ϕ(v′)| ≤ 2H + |w − w′|
= 2H + |ℓ(w) − ℓ(w′)| ≤ 2H + 2H + |ℓ(ϕ(v)) − ℓ(ϕ(v′))|
= 4H + ℓ(ϕ(v)) − ℓ(ϕ(v′)).
On the other hand, we also have that
α−1(ℓ(v)− ℓ(v′))− β = α−1|v − v′| − β ≤ |ϕ(v) − ϕ(v′)|
and so
ℓ(ϕ(v′))− ℓ(ϕ(v)) ≤ α−1(ℓ(v′)− ℓ(v)) + β + 4H.
It follows that
diam(fE)
diam(fE′)
≃ tℓ(ϕ(v′))−ℓ(ϕ(v)) ≤ tα−1(ℓ(v′)−ℓ(v))+β+4H ≃ t(β+4H)
(
diam(E)
diam(E′)
)c/α
.
Case 3: Suppose finally that ℓ(v) > ℓ(v′) and ℓ(ϕ(v)) ≤ ℓ(ϕ(v′)). We bound
ℓ(v)− ℓ(v′). Let n = ℓ(v′) and let
k0 = sup{k : ℓ(ϕ(γ(n+ k))) ≤ ℓ(ϕ(v′))}.
We have k0 ≥ ℓ(v) − ℓ(v′) as v is such a vertex. Let v0 = γ(n + k0 + 1) and
ℓ0 = ℓ(ϕ(v0)). Then, as ϕ ◦ γ is a vertical (α, β)-quasigeodesic, we have that
ℓ(ϕ(v′)) < ℓ0 ≤ ℓ(ϕ(v′)) + α+ β.
As in Case 2, we have by Lemma 10.1 that there is a constant H = H(α, β, δ) and
a vertical geodesic σ : (N0, 0)→ (Ŷ , ∗) for which distH(σ, ϕ(γ)) ≤ H . In particular,
|ϕ(v0)− ϕ(v′)| ≤ 4H + α+ β.
Let σ0 be a geodesic from ϕ(v0) to ϕ(v
′). Then, the size of the H-neighborhood
of σ0, denoted NH(σ0), is bounded above by a constant C0 that depends only on
α, β,H , and the degree of Ŷ . Let γ′ be the segment on γ from v′ to v0. The
segment γ′ is part of a vertical geodesic, so by [GdlH90, Theorem 5.6] we have
ϕ(γ′) ⊆ NH(σ0). Hence the length of γ′ is bounded above by N(ϕ)C0. This length
is also ℓ(v0)− ℓ(v′) so, as ℓ(v0) ≥ ℓ(v), it follows that ℓ(v)− ℓ(v′) ≤ N(ϕ)C0.
Now, if ℓ(v)− ℓ(v′) ≤ C, then
diam(E)
diam(E′)
& sℓ(v
′)−ℓ(v) & s−C .
Hence, we need only bound diam(fE)/ diam(fE′) in this case. For this, we proceed
as in Case 1. We have
|ℓ(ϕ(v′))− ℓ(ϕ(v))| ≤ |ϕ(v′)− ϕ(v)| ≤ α|v − v′|+ β.
It follows that ℓ(ϕ(v′))− ℓ(ϕ(v)) ≤ α(ℓ(v) − ℓ(v′)) + β and so
diam(fE)
diam(fE′)
≃ t(ℓ(ϕ(v′))−ℓ(ϕ(v))) ≤ tα(ℓ(v)−ℓ(v′))+β ≃ tβ
(
diam(E′)
diam(E)
)cα
.
End game: Since the map f is a power branched quasisymmetry in each of the
cases, we conclude that f is a power quasisymmetry with constants depending only
on the data. 
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13.4. Openness of traces. We have seen (Lemma 13.4) that finite multiplicity of
a vertical quasi-isometry between vertex sets of hyperbolic fillings corresponds to
discreteness of the trace map. We show that the following (discrete) path lifting
property of the vertical quasi-isometry corresponds the openness of the trace map.
We begin with an auxiliary definition.
Let X̂ ∈ HF(X) be a hyperbolic filling of X . The k-cylinder [γ]k of a vertical
geodesic γ : (N0, 0)→ (X̂, 0) for k ∈ N0 is the set of geodesics
[γ]k = {γ′ ∈ Γ(X̂, ∗) : γ′(j) = γ(j), j = 0, . . . , k}.
Definition 13.9. Let X and Y be compact metric spaces, and X̂ ∈ HF(X) and
Ŷ ∈ HF(Y ). A vertical quasi-isometry ϕ : X̂ → Ŷ has the vertical quasi-isometry
lifting property (or VQI lifting property for short), if there exists a constant H ′ >
0 for which, for each x ∈ X and centered vertical geodesics γ ∈ Γx(X̂, ∗) and
σ ∈ Γf(x)(Ŷ , ∗), there exist increasing sequences (Lk) and (Mk) in N0 having the
property that, for each k ∈ N0 and σ′ ∈ [σ]Mk , there exists γ′ ∈ [γ]Lk satisfying
distH(ϕ ◦ γ′, σ′) ≤ H ′, where f : X → Y is the trace of ϕ : X̂ → Ŷ . Here Γx(X̂, ∗)
denotes the set of vertical geodesics γ in X̂ such that γ → x and Γf(x)(Ŷ , ∗) is
defined similarly.
Theorem 13.10. Let X and Y be compact metric spaces and let X̂ ∈ HFs(X) and
Ŷ ∈ HFt(Y ) be hyperbolic fillings of X and Y , respectively. Let ϕ : X̂ → Ŷ be a
vertical quasi-isometry and let f : X → Y be the trace of ϕ. Then, f is open if and
only if ϕ satisfies the VQI Lifting Property.
Proof. Suppose first that the trace f : X → Y of ϕ is an open map and let x ∈ X .
Let γ : (N0, 0) → (X̂, ∗) and σ : (N0, 0) → (Ŷ , ∗) be centered vertical geodesics
tending to x and f(x), respectively. For each k ∈ N, let Bk = B(x, 1/k) ⊆ X .
We first specify sequences (Mk) and (Lk). LetM0 = 0, L0 = 0, and suppose that
levels M0 < M1 < · · · < Mk−1 and L0 ≤ L1 ≤ · · · ≤ Lk−1 have been determined.
We determine the level Mk ∈ N0. Since f is open, there exists a ball B′k =
B(f(x), r′k) ⊆ fBk. Let now Mk ∈ N0 be an integer for which 2Att−Mk < r′k; we
may assume that Mk > Mk−1. Note that, by Lemma 9.3, each vertical geodesic
σ′ ∈ [σ]Mk tends to a point in B′k.
Let Lk ≥ 0 be the largest integer for which sLk < k. Note that, since d(x, γ(L)) ≤
s−L for all L ∈ N0, we have that Bk ⊆ Bγ(Lk). Moreover, for each x′ ∈ Bk, there
exists a vertical geodesic γ′ ∈ [γ]Lk tending to x′.
We now show that, for these sequences (Lk) and (Mk), the map ϕ : X̂ → Ŷ
satisfies the VQI lifting property. Let k ∈ N0 and let σ′ ∈ [σ]Mk . Then σ′ tends
to a point y′ ∈ B′k. Since B′k ⊂ fBk, we may fix x′ ∈ f−1(y′) ∩ Bk. Then, by
our choice of Lk, there exists a vertical geodesic γ
′ ∈ [γ]Lk tending to x′. Since
f(x′) = y′, we have that ϕ ◦ γ′ : (N0, 0)→ (Ŷ , ∗) is a vertical quasigeodesic tending
y′. Then, by Lemma 10.2, we have that distH(|ϕ◦γ′|, |σ′|) ≤ H ′, where H ′ depends
only on α and β and hyperbolic filling parameters of X̂ and Ŷ .
We now show the VQI Lifting Property implies that f is open. It suffices to show
that for every ball B = B(x, r) ⊆ X , the image fB contains a ball B′ = B(f(x), r′).
Let B = B(x, r) be an open ball in X and let y = f(x). Let γ : (N0, 0)→ (X̂, ∗) and
σ : (N0, 0)→ (Ŷ , ∗) be centered vertical geodesics tending to x and y, respectively,
and let (Lk) and (Mk) be the sequences guaranteed by the VQI lifting property.
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Since Lk → ∞ as k → ∞ and γ is centered, we may fix, by Lemma 9.2, an index
k ∈ N0 for which each vertical geodesic in [γ]Lk tends to a point in B.
Since σ is centered, we have that y ∈ Bσ(Mk). Thus there exists r′ > 0 for
which B(y, r′) ⊆ Bσ(Mk). Let y′ ∈ B(y, r′). Since B(y, r′) ⊆ Bσ(Mk), there exists a
vertical geodesic σ′ ∈ [σ]Mk tending to y′. By the VQI lifting property, there exists
now a vertical geodesic γ′ ∈ [γ]Lk for which distH(ϕ ◦ γ′, σ′) ≤ H ′. Then γ′ tends
to a point x′ ∈ B by the choice of k. Since distH(ϕ ◦ γ′, σ′) ≤ H ′, we have that
ϕ ◦ γ′ tends to y′. Thus f(x′) = y′. We conclude that B(y, r′) ⊆ fB. Hence, the
map f is open. 
13.5. Surjectivity of traces. Recall that a quasi-isometry ψ : Z → W between
metric spaces Z andW is a cobounded map satisfying (QI) and that a map ψ : Z →
W is cobounded if there exists a constant C > 0 for which W = B(ψ(Z), C).
In the following theorem we show that the coboundedness of a vertical quasi-
isometry also characterizes surjectivity of the trace map.
Theorem 13.11. Let X and Y be compact metric spaces and let X̂ ∈ HFs(X) and
Ŷ ∈ HFt(Y ) be hyperbolic fillings for X and Y , respectively. Let ϕ : X̂ → Ŷ be a
vertical quasi-isometry and let f : X → Y be the trace of ϕ. Then ϕ is cobounded
if and only if f is surjective.
Proof. Suppose first that the trace map f is surjective. Let w ∈ Ŷ and σ : (N0, 0)→
(Ŷ , ∗) a vertical geodesic satisfying σ(k) = w. Suppose that σ → y ∈ Y . We fix
x ∈ f−1(y) and let γ : (N0, 0) → (X̂, ∗) be a vertical geodesic tending to x. By
Lemma 10.2, there exists a constant H1 depending only on α, β, s, and t for which
distH(ϕ ◦ γ, σ) ≤ H1. Hence, there exists an index j ∈ N0 for which
|(ϕ ◦ γ)(j)− σ(k)| ≤ H1.
Thus w ∈ B(ϕ(X̂), H1). We conclude that ϕ is cobounded.
Suppose now that ϕ is cobounded. We show that f is surjective. Let y ∈ Y
and σ : (N0, 0) → Ŷ a vertical geodesic tending to y. Since ϕ is cobounded, we
may fix C > 0 for which B(ϕ(X̂), C) = Ŷ . Then, for each n ∈ N0, there exists
vn ∈ X̂ for which |ϕ(vn) − σ(n)| < C. Note that, since σ is a vertical geodesic,
ℓ(ϕ(vn)) ≥ n− C for each n ∈ N0. Let wn = ϕ(vn) for each n ∈ N0.
For each n ∈ N0, we fix a vertical geodesic γn : (N0, 0) → (X̂, ∗) for which
γn(ℓ(vn)) = vn. Since ℓ(γn(m)) = m for each n and m, we may pass to a (diagonal)
subsequence of (γn) having the property that for each n ∈ N0 there exits an index
mn ∈ N for which γm(n) = γmn(n) for each m ≥ mn. Let now γ : (N0, 0)→ (X̂, ∗)
be the vertical geodesic n 7→ γmn(n).
Let x be the limit of γ in X . We show that f(x) = y. For each k ∈ N0, let xk be
the limit of the vertical geodesic γmk . Then f(xk) is the limit of ϕ ◦ γmk . Denote
yk = f(xk) for each k ∈ N0. Since
d(yk, y) ≤ d(yk, cY (wmk)) + d(cY (wmk), y)
for each k ∈ N0. Since cY (wmk) = cY (ϕ(vmk)) = cY (ϕ(γmk(ℓ(vmk)))), we have, by
Lemma 10.4, that
d(cY (wmk), ymk) ≤ 3(At + 1)tHt−ℓ(wmk ) → 0
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as ℓ(wmk) ≥ mk − C →∞ as k →∞. By Lemma 8.5,
d(cY (wmk), cY (σ(mk))) ≤ AttC−mk → 0
as k→∞.
Since σ tends to y, we obtain by combining these estimates that d(y, yk) → 0
as k → ∞. Thus f(xk) = yk → y as k → ∞. Since γmn ∈ [γ]n for each n ∈ N0,
we have that d(xk, x) . s
−k for each k ∈ N0. Thus xk → x and f(x) = y by
continuity of f (Lemma 13.2). This completes the proof of the surjectivity of the
trace map. 
13.6. Application to local branched quasisymmetries. As a consequence of
both extension results, we obtain that local branched quasisymmetries self-improve
to branched quasisymmetries. More precisely, we have the following.
Theorem 13.12. Let f : X → Y be a discrete and open local branched quasisym-
metry between compact metric spaces X and Y , where X has bounded turning.
Then f is a branched quasisymmetry, quantitatively.
Proof. Here our quantitative constants are allowed to depend on the locality scale
of f . By Theorem 12.10, the hyperbolic filling ϕ : (X̂, ∗) → (Ŷ , ∗) is an eventual
vertical quasi-isometry. By Remark 12.9, we may fix a vertical quasi-isometry
ψ : (X̂, ∗)→ (Ŷ , ∗) having the same trace as ϕ.
We claim that N(ϕ) < ∞. This follows from local versions of Theorem 5.1
and 12.6. Indeed, Theorem 5.1 applies for all small enough balls B, so we may
modify the proof of Theorem 12.6 by only considering non-overlapping balls with
levels above the cutoff J for ϕ. As there are only finitely many vertices with level
bounded above by J , we have N(ϕ) <∞. Clearly also N(ψ) <∞.
We apply Theorem 13.5 to the vertical quasi-isometry ψ to conclude that f , as
the trace of ψ, is a branched quasisymmetry. 
Part 4. Appendix
Appendix A. Branched quasisymmetries and quasiregular maps
In this appendix, we prove Theorem 1.1 in the introduction. We consider the
claim in two parts. We prove first a version of the Guo–Williams theorem for
quasiregular mappings between Riemannian manifolds and then the reverse direc-
tion characterizing quasiregularity in terms of branched quasisymmetry.
Recall that a continuous map f : M → N between oriented Riemannian n-
manifolds is K-quasiregular if f is in the Sobolev space W 1,nloc (M,N) and satisfies
the distortion inequality (QR), that is,
‖Df‖n ≤ KJf
almost everywhere in M .
A.1. Quasiregularity implies branched quasisymmetry. As discussed, we be-
gin with a Riemannian version of the Guo–Williams theorem.
Theorem A.1. Let f : M → N be a quasiregular mapping between oriented Rie-
mannian n-manifolds. Then f is a local branched quasisymmetry, quantitatively.
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In the statement, the quantitatively is understood as follows. Suppose that
f : M → N isK-quasiregular forK ≥ 1. Then there exists a radius r > 0 depending
on f , M , and N , such that for all x ∈M , the restricted map f |B(x,r) : B(x, r)→ N
is a branched η-quasisymmetry for η : [0,∞)→ [0,∞) depending only on K
A few comments are in order.
Remark A.2. Theorem A.1 bears some similarity to the correspondence between
quasiconformal and quasisymmetric maps. Similar to quasisymmetric maps, branched
quasisymmetriesX → Y , whereX has λ-bounded turning, are bounded maps. This
is not true for quasiconformal nor quasiregular mappings.
Note, however, by result of Heinonen and Koskela [HK98] that quasiconfor-
mal maps between Loewner spaces are quasisymmetric. The analog for branched
quasisymmetries is not true. Indeed, consider the exponential map exp: C → C,
z 7→ ez. The complex plane C is a Loewner space and exp is holomorphic and
hence 1-quasiregular, but exp is not a branched quasisymmetry. Indeed, consider
k ∈ N and segments E = [0, k] and E′ = [0, ik]. Then diam exp(E) ≃ ek and
diamexp(E′) ∼ 1.
Remark A.3. Since the claim is a local statement, it suffices to prove it only for
quasiregular mappings f : Bn → Bn. Indeed, let M and N be oriented Riemann-
ian n-manifolds and f : M → N a K-quasiregular map. Let also ε > 0. Then
there exists atlases {(Bi, ϕi)}i∈I and {(B′j , ϕ′j)}j∈J of M and N , respectively, with
following properties:
• each Bi = B(xi, ri) and B′j = B(x′j , r′j) is a ball,
• each chart ϕi : Bi → Bn(0, ri) and ϕ′j : B′j → Bn(0, r′j) is diffeomorphism
which is (1 + ε)-bilipschitz, and
• for each i ∈ I there exists ji ∈ J for which fBi ⊂ B′ji .
Such atlases are given by continuity of f and Riemannian exponential functions
TM →M and TN → N .
Now
{λ′ji ◦ ϕ′ji ◦ f ◦ ϕ−1i ◦ λi : Bn → Bn : i ∈ I},
where λi : R
n → Rn and λ′j : Rn → Rn are scalings x 7→ rix and y 7→ y/r′j,
respectively, is a family of (1 + ε)4nK-quasiregular mappings encoding the map f .
Remark A.4. Note that, for closed Riemannian manifolds, we obtain that f is a
branched quasisymmetry.
We prove Theorem A.1 by showing that the hyperbolic filling ϕ : M̂ → N̂ is an
eventual vertical quasi-isometry and use the trace theorem to obtain the result. We
do not aim for optimal results and argue using compactness; see [PS17] for a similar
discussion.
Our first lemma is a diameter distortion estimate for images of balls.
Lemma A.5. Let f : Bn → Bn be a K-quasiregular map of finite multiplicity and
c > 1. Then there exists C > 0, with the following property. If B = Bn(b, r) ⊆ 12Bn
is a ball and A = B(a, r′) ⊆ B satisfies diam(B) ≤ c diam(A), then diam(fB) ≤
C diam(fA).
Proof. Suppose that the claim fails for a K-quasiregular map f : Bn → Rn of finite
multiplicity. Then, for each m ∈ N there exist balls Bm = B(bm, rm) ⊆ 12Bn and
Am = B(am, r
′
m) with Am ⊆ Bm and diam(Bm) ≤ c diam(Am), but diam(fBm) ≥
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m diam(fAm). Let ψm : R
n → Rn be the conformal map x 7→ 1rm (x − bm). Let
ϑm be the conformal map x 7→ λm(x − f(bm)) where λm > 0 is chosen such that
supz∈∂Bm λm|f(z)−f(bm)| = 1. Define gm = ϑm ◦f ◦ψ−1m : Bn(0, 2)→ Rn for each
m ∈ N. Here the domain of gm makes sense as 2Bm ⊆ Bn.
Each gm is K-quasiregular and of multiplicity N(gm) ≤ N(f) < ∞. Also,
each gm has the properties that gm(0) = 0 and sup|z|=1 |gm(z)| = 1. Hence, we
may apply [MSV99, Corollary 2.5] to obtain a subsequence also denoted (gm) and
a non-constant K-quasiregular map g : B(0, 2) → Rn such that gm → g locally
uniformly. Now, each ψmAm is a ball in ψmBm = B
n and, by our diameter
comparison assumption, there exists a constant r0 > 0 depending only on c such
that B(ψm(am), r0) ⊆ Bn. By compactness, there is a subsequence of (ψm(am)),
which we also denote (ψm(am)), which converges to a point a ∈ Bn(0, 1− r0).
Consider B′ = B(a, r0/2). From the convergence of ψm(am), we see that B
′ ⊆
ψmAm for large m. By our normalization with λm we have diam(gmBm) ≤ 2, so
by assumption diam(gmAm)→ 0. Thus, diam(gmB′)→ 0, so gB′ is a single point.
This is a contradiction as g is open as it is a non-constant quasiregular map. 
We now obtain a (soft) Koebe distortion theorem for quasiregular maps Bn →
Bn.
Lemma A.6. Let f : Bn → Bn be a K-quasiregular map of finite multiplicity.
Then, there exists a constant c > 0 with the following property. Whenever B =
B(b, r) ⊂ 12Bn is a ball, there exists a ball B(f(b), c diam(fB)) ⊆ fB.
Proof. Suppose towards a contradiction that the claim does not hold. Thus, for each
m ∈ N , there exists a ball Bm = B(bm, rm) ⊂ 12Bn and a point wm /∈ fBm with
d(f(bm), wm) ≤ diam(fB)/m. As in Lemma A.5, we may renormalize the maps
f |2Bm : 2Bm → Rn to K-quasiregular maps gm : Bn(0, 2) → Rn with gm(0) = 0,
N(gm) ≤ N(f), and sup|z|=1 |gm(z)| = 1. In this case, there also exists a sequence
(w′m) in R
n such that, for each m ∈ N, we have |w′m| ≤ 2/m and w′m /∈ gmBn.
As in Lemma A.5, passing to a subsequence (also indexed by m) there is a local
uniform limit g : Bn(0, 2) → Rn of (gm) which is non-constant, quasiregular, and
has bounded multiplicity.
For each m ∈ N0, let γ′m = [0, w′m] be the line segment in Rn connecting 0 to
w′m, and let γm be a maximal lift of γ
′
m under gm containing the origin. Since
w′m 6∈ gmBn, we have that γm leaves Bn. To see this, note that both maximal lifts
and local lifts of quasiregular maps always exist by [Ric93, II.3].
For θ ∈ (0, 1), let Sθ = ∂Bn(0, θ) ⊆ Bn. Fix θ ∈ (0, 1) and let xm ∈ Sθ ∩ γm.
Passing to a subsequence, we may assume that xm → x ∈ Sθ as m → ∞. We
claim that g(x) = 0. Since g is continuous, we have that g(xm)→ g(x) as m→∞.
Let ǫ > 0. For m ∈ N large enough, we have that |gm(xm)| < ǫ as xm ∈ γm.
Since gm → g locally uniformly as m → ∞, we have for large enough m ∈ N that
|gm(xm) − g(xm)| < ǫ. It follows that |g(x)| ≤ 2ǫ and, as this is true for all ǫ > 0,
we have g(x) = 0.
We have shown that for every θ ∈ (0, 1), there is an x ∈ Sθ with g(x) = 0. This
contradicts the finite multiplicity of g. 
The following lemma will be used to obtain the lower bound in vertical quasi-
isometry condition for the hyperbolic filling X̂ → Ŷ .
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Lemma A.7. Let f : Bn → Bn be a K-quasiregular mapping. Then, there are
constants α ≥ 1 and β ≥ 0, depending only on n and K, and 0 < R < 1 depending
on f , with the following property. Whenever B = Bn(b, r) ⊆ 12Bn is a ball with
0 < r < R and A = B(a, rA) is a ball with A ⊆ 12B, then
log
(
diam(B)
diam(A)
)
≤ α log
(
diam(fB)
diam(fA)
)
+ β.
Proof. We first chose a constant c for later in the proof. Let φ be the n-Loewner
function for Rn (cf. [Hei01, Chapter 8]). By [HK98, Theorem 3.6], there are
constants t0 > 0 and C > 0 such that for all t ≥ t0 we have C log(t)1−n ≤ φ(t).
Since φ is decreasing, positive, and has limt→∞ φ(t) = 0 we may, for an ambient
constant C1, choose c
′ large enough so that
φ(t0) = KC1 log
(
c′
8
)1−n
holds. It follows that, if s ≥ c′ and t > 0 are such that
φ(t) ≤ KC1 log
(s
8
)1−n
,
then we have that t ≥ t0 and so
C log(t)1−n ≤ KC1 log
(
s
8
)1−n
.
Set c = max{c′, 10}.
We also determine R. For this, note that G = 12B
n is compact and f is open,
so ε′ := dist(∂f(Bn), f(G)) > 0. Moreover, f |G is uniformly continuous, and so
there is a radius R such that whenever r < R and B = B(b, r) ⊆ G, we have
B(f(b), 10 diam(fB)) ⊆ fBn.
Let B = B(b, r) ⊆ 12Bn with 0 < r < R and A ⊆ 12B be balls. Because of the
additive term β on the right hand side of our desired inequality, we may assume
that diam(B) ≥ c diam(A). Let
F = {w ∈ Rn : |f(a)− w| = 4diam(fB)}.
Note that F ⊆ f(Bn) by our choice of R. Let also E = fA. Then, E and F are
continua in Rn. We see that
∆(E,F ) :=
dist(E,F )
min(diam(E), diam(F ))
≤ 4 diam fB
diam fA
.
It follows that
modn(E,F ) ≥ φ
(
4 diam fB
diam fA
)
.
For each path γ connecting E to F , we lift to a path γ˜ starting from a point in A
(cf. [Ric93, Corollary II.3.4]). This lift γ˜ must leave B as F ∩fB = ∅. Let Γ be the
collection of these lifts. Then, as f is quasiregular, we have, by [Ric93, Theorem
II.8.1], that
modn(E,F ) ≤ modn(fΓ) ≤ Kmodn(Γ).
We note that B(a, diam(B)/8)) ⊆ B. By the fact that c ≥ 10 and [Hei01, Lemma
7.8], there is a constant C1 > 0 such that
modn(Γ) ≤ C1 log
(
diam(B)
8 diam(A)
)1−n
.
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Thus,
(5) φ
(
4 diam fB
diam fA
)
≤ modn(E,F ) ≤ KC1 log
(
diam(B)
8 diam(A)
)1−n
.
From the fact that c ≥ c′ at the beginning of the proof, we must have that
4 diam fB
diam fA
≥ t0
and so
C log
(
4 diam(fB)
diam(fA)
)1−n
≤ KC1 log
(
diam(B)
8 diam(A)
)1−n
.
Thus, there is a constant C2 > 0 such that
log
(
diam(B)
8 diam(A)
)
≤ C2 log
(
4 diam(fB)
diam(fA)
)
,
which proves the result. 
We are now ready to prove that quasiregular maps induce eventual vertical quasi-
isometries between hyperbolic fillings.
Lemma A.8. Let f : M → N be a K-quasiregular map between closed and oriented
Riemannian n-manifolds. Let M̂ ∈ HFs(M) and N̂ ∈ HFt(N) be hyperbolic fillings
of M and N , respectively, and let ϕ : M̂ → N̂ be a hyperbolic filing of f . Then,
ϕ is an eventual (α, β)-vertical quasi-isometry with finite multiplicity, where α ≥ 1
and β ≥ 0 depend only on n and K.
Proof. It suffices to show that there exist constants α, β, J > 0 with the property
that, for every vertical geodesic γ : (N0, 0)→ (M̂, ∗) and all j, j′ ≥ J , we have that
α−1|j − j′| − β ≤ |ϕ(γ(j))− ϕ(γ(j′))| ≤ α|j − j′|+ β,
and that ϕ has finite multiplicity. We fix first a constant J0 > 0 with the following
properties. The diameters of balls Bv are below the radius r > 0, which admits the
localization of f using 2-bilipschitz charts, and we are be able to, for each ball Bv
of this small enough radius, find charts where Bn is in the image of the chart and
the image of Bv in the chart is contained in
1
2B
n. We also require that we may
apply Lemma A.7 to the balls Bv, which further restricts the size of diam(Bv) due
to the factor R in that lemma. We note that as M and N are compact, there are
only finitely many pairs of charts, and so the fact that the radius R from Lemma
A.7 may change from chart pair to chart pair can be mitigated by taking a large
enough J0.
We first prove the upper inequality. We note that there is a constant c1 > 0
such that, if v, v′ are vertices in M̂ with |v − v′| = 1, then there exists a third
vertex v′′ ∈ M̂ satisfying Bv, Bv′ ⊆ Bv′′ and both estimates |v − v′′| ≤ c1 and
|v′ − v′′| ≤ c1 hold. This allows us to apply Lemma A.5 and conclude that, if the
balls Bv, Bv′ , and Bv′′ are small enough, then the diameters of fBv, fBv′ , and
fBv′′ are all comparable. As v
′′ is a bounded number of levels away from v and v′,
small enough in this case just means that there is a J1 ≥ J0 such that we may apply
Lemma A.5 to Bγ(j) and Bγ(j′) when j, j
′ ≥ J1. As Bv ∩Bv′ 6= ∅ when |v− v′| = 1,
it follows from Lemma 8.2 applied to Bv and Bv′ that |ϕ(v) − ϕ(v′)| is bounded
independently of v, v′. The upper vertical quasi-isometry inequality follows now
from the triangle inequality.
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We now prove the lower inequality. Let j > j′ ≥ J2 with J2 ≥ J1 to be
determined and let v = γ(j) and v′ = γ(j′) be vertices on the same vertical geodesic
γ : (N0, 0)→ (M̂, ∗). Then, by Lemma 9.2, Bv ⊆ (As+2)Bv′. By applying Lemma
8.2 to the ball 2(As + 2)Bv′ , we see that there is a constant c2 > 0 independent of
v, v′, and a vertex v′′ with Bv ⊆ 12Bv′′ and |v′ − v′′| ≤ c2. If J2 is large enough,
we apply Lemma A.7 to Bv and Bv′′ to conclude that there are constants C,D > 0
independent of v and v′ such that
log
(
diam(Bv′′)
diam(Bv)
)
≤ C log
(
diam(fBv′′)
diam(fBv)
)
+D.
We see that there is a constant A > 0 such that∣∣∣∣logs(diam(Bv′′ )diam(Bv)
)
− (−ℓ(v′′) + ℓ(v))
∣∣∣∣ ≤ A
and ∣∣∣∣logt(diam(fBv′′ )diam(fBv)
)
− (−ℓ(ϕ(v′′)) + ℓ(ϕ(v)))
∣∣∣∣ ≤ A
from which we conclude that there are constants C′, D′ > 0 such that
|ℓ(v)− ℓ(v′′)| ≤ C′|ℓ(ϕ(v))) − ℓ(ϕ(v′′))|+D′.
As Bv ∩Bv′′ 6= ∅, this means that
|v − v′′| ≤ C′|ϕ(v) − ϕ(v′′)|+D′.
We note that by construction, |v − v′| ≤ |v − v′′|. If J2 is large enough, we may
apply the upper vertical quasi-isometry inequality proven above and conclude that
|v − v′| ≤ C′|ϕ(v) − ϕ(v′)|+ C′|ϕ(v′)− ϕ(v′′)|+D′.
≤ C′|ϕ(v) − ϕ(v′)|+D′ + C′(α|v′ − v′′|+ β).
As |v′ − v′′| is uniformly bounded in our construction, the lower eventual vertical
quasi-isometry inequality holds.
It remains to show ϕ has finite multiplicity. This follows as in the proof of
Theorem 13.12 from the local versions of Theorems 5.1 and 12.6. 
We are now ready to prove Theorem A.1.
Proof of Theorem A.1. By Lemma A.8, f : M → N induces an eventual vertical
quasi-isometry ϕ : (M̂, ∗)→ (N̂ , ∗) between hyperbolic fillings M̂ and N̂ of M and
N , respectively. This promotes to a vertical quasi-isometry ψ : (M̂, ∗)→ (N̂ , ∗) of
finite multiplicity with the same trace f as ϕ. Thus, by Theorem 1.5, we see f is a
branched quasisymmetry, quantitatively. 
A.2. Branched quasisymmetry is quasiregular. To show that branched qua-
sisymmetries are quasiregular, we use a metric characterization of quasiregular map-
pings based on inverse linear dilatation. The interested reader may want to compare
the argument to the proof that quasisymmetries are quasiconformal.
For the definitions, let f : M → N be a discrete and open map between n-
manifolds.
A domain U ⊂M is a normal neighborhood of x ∈M if U is relatively compact,
f(∂U) = ∂fU , and f−1(f(x)) ∩ U = {x}. For x ∈ M and r > 0, we denote also
U(x, f, r) ⊂ M the x-component of f−1B(f(x), r). For each x ∈ M there exists
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rx > 0 for which U(x, f, r) is a normal neighborhood of x whenever r < rx; the
Euclidean argument in [MRV69, Lemma 2.9] works also in the Riemannian case.
For x ∈M , the inverse linear dilatation of f at x is
H∗(x, f) = lim sup
r→0
L∗(x, f, r)
ℓ∗(x, f, r)
where
L∗(x, f, r) = sup
x′∈∂U(x,f,r)
d(x, x′);
and
ℓ∗(x, f, r) = inf
x′∈∂U(x,f,r)
d(x, x′)
for r > 0. Note that 0 < ℓ∗(x, f, r) ≤ L∗(x, f, r) <∞ for 0 < r < rx.
The characterization of quasiregular mappings in terms of inverse linear dilata-
tion is proven by Martio, Rickman, and Va¨isa¨la¨ in [MRV69].
Theorem A.9 ([MRV69, Theorem 4.14]). Let G ⊂ Rn be a domain. A non-
constant mapping f : G→ Rn is quasiregular if and only if it satisfies the following
conditions:
(1) f is sense-preserving, discrete, and open.
(2) H∗(x, f) is locally bounded in G.
(3) There exists a∗ <∞ such that H∗(x, f) ≤ a∗ for almost every x ∈ G \Bf .
Here Bf ⊂ G is the branch set f , that is, the set of points x ∈ G at which f is
not a local homeomorphism.
The proof of this theorem in [MRV69] reveals that, if f satisfies conditions (1)–
(3), then f is (a∗)n−1-quasiregular.
Our statement is an almost immediate corollary of this theorem.
Theorem A.10. A sense-preserving, discrete, and open local branched quasisym-
metry f : M → N between oriented Riemannian n-manifolds is quasiregular, quan-
titatively.
Proof. By localizing the map with 2-bilipschitz charts, it suffices to show the claim
for branched η-quasisymmetries f : Bn → Bn.
Let x ∈ Bn and let rx > 0 be the radius for which domains U(x, f, r) are normal
neighborhoods of x for r < rx. Let now r < rx be such that B(f(x), r) ⊆ f(Bn)
and fix points y and z on ∂U(x, f, r) for which |y − x| = ℓ∗(x, f, r) and |z − x| =
L∗(x, f, r); note that infimum and supremum are actually minimum and maximum
due to compactness of ∂U(x, f, r).
Since fU(x, f, r) = Bn(f(x), r), there exists a continuum E ⊂ U(x, f, r) con-
necting z to x for which fE = [f(z), f(x)]; for this either continuum lifting lemma
(Lemma 2.6) or path lifting under discrete and open maps (see e.g. [MRV69, Lemma
2.7]) can be used. Note that, when we lift [f(z), f(x)] from z in U(x, f, r) the lift
is total and hence contains x, since f−1(f(x)) = {x}.
Since f [y, x] connects Sn−1(f(x), r) to f(x) and E connects z to x, we have that
diam f [y, x] ≥ r and diamE ≥ |z − x|. Thus, by the η-branched quasisymmetry
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condition,
r ≤ diam(f [y, x]) ≤ η
(
diam[y, x]
diamE
)
diam fE
≤ η
( |y − x|
|z − x|
)
diam[f(z), f(x)] = η
( |y − x|
|z − x|
)
r.
Hence,
ℓ∗(x, f, r)
L∗(x, f, r)
=
|y − x|
|z − x| ≥ η
−1(1),
where η−1 is the inverse of η. Thus,
H∗(x, f) = lim sup
r→0
L∗(x, f, r)
ℓ∗(x, f, r)
≤ 1
η−1(1)
.
This concludes the proof. 
Theorem 1.1 follows now from Theorems A.1 and A.10.
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